Dover Books Explaining ScihK“(^ 
and Matliernalics 

T/te Rise of the Mew Phssks, A, tVAbio 2 vuL sr! $l,ini 
The Evolution of Sdrntifw 'l’ht»ti: 4 ht horn Saviim !o ItfiUrin, A. ttAioa $2jHi 
Elementary Comejits of i'ojHflop^x, /Vinl Aioxotnioifl STtH* 
frnih and A, R A\ti <1^2-^ 

A Dover Scienee Sanildrr ((A fm^r nutkofoifyR ni, h\ itoifun CIU E 

7'he Sky and Its MxstrtttH, E,. A. Hrrt (‘.Ualilmuml St An 
I'he Story of X-rays, 4. Rlruk |//H 
Sjmre and ‘Tnnr\ Einile Houd $i 
Experiment & 'Theory in Physirs, Siax Ikon 7^f 
The Restless l -n'ivnse. Mux Horn $2,tM 
Arithmetkal Hxetnstons, IL 2^ R Howeis $l.tP 
Soap Bubbles, Their Color and the Einers ll hit h Mould Ihetn, ii l\. Hoys 
Concernin}^ the Nalute of Things, Sir 'IVilliuin 
The Universe of iJ^ht,Sh WtUmm lhapx 
Idle Nature of IPnshuJ 'Iheoty, P, H'". Hrsd^mmi $1.2'** 

Matter and IJHht: 'the Sete Physu s, ! tmts de iko^iir $ikii 
Fouridations (d Seienie; the Phtittsophy td 'thnny n t xprhiiiiriti, 

M, Camphril $22P 
IVhat is Sc tern eF, S. H, Cumpiati 
Idle Common Sense of the Exact Sciences, II , k. idiHoitl ||„frri 
The Internal Constitulum of (hr Stms, Aithiu S. i^'ddinejon $2.2^ 

The Story of Atomic 'Pheoiy v Alourtf Enemy, I#. trifii*rui $1,4.** 

Insert Life Inset t Xatutai fhsidry, s II", to*si .H 
Eads & Falhreies in the Xmnead Sf irmr, Mutlin iomlnrf si ^tt 
Eresineuter Mhtoaop"^'- (*mnrtf cdmiihlniuml 
The Psychology of Invention in the Mathrmalnul tieid. f. Iladumafd |l,2^ 
Popular St ienttfu tssuys, ti Hriniholti $17 '^ 

On the Sensations td 'I'onr, IT Hrlmiodii fJ 
The Stranife Story td the thmntum, Hanesh liollmnnn 11,1*1 
Idle Realm of the Xehuiae, f lluhidr |l3fi 
Satellites and SeieHtifu Hrsettoh, O. hinfiJhdr Idolhhouml $itm 
Triit;onometry Refteshet pa Irchnuul .Wn?, A hiuf $2,no 
Calculus Rejreshet for Trt hnitui Mm, A hhil $2 no 
An Introdui tfon to Symhohe I , %u:au? 3 e I M 7^ 

Foundations of Phystts, it i indsuy k.’^' II,. Ilin,jr ini}! 



JUJ^^ cXc^-JlJUJu. ^ 





f.^ /4 hi ‘ ® 




NON-EUCLIDEAN 

GEOMETRY 




NON-EUCLIDEAN 

GEOMETRY 


BY 

HENRY PARKER MANNING 

Late Professor of Mathematics 
Brown University 


DOVER PUBLICATIONS, INC. 
NEW YORK 


IIA Ulfc>., 



Published in the United Kingdom by Constable 
and Company Limited, 10 Orange Street, London 
W. C. 2. 


This new Dover edition, first published in 1963, 
is an unabridged and unaltered republication of 
the work first published by Ginn and Company 
in 1901. 


Manufactured in the United States of America 


Dover Publications, Inc. 
180 Varick Street 
New York 14, N. Y. 



PREFACE 


NoN-EucLiBKAisr Geometry is now recognized as an impor¬ 
tant branch of Mathematics. Those who teach Geometry 
should have some knowledge of this subject, and all who 
are interested in Mathematics will find much to stimulate 
them and much for them to enjoy in the novel results and 
views that it presents. 

This book is an attempt to give a simple and direct 
account of the Non-Euclidean Geometry, and one which 
presupposes but little knowledge of Mathematics. The first 
three chapters assume a knowledge of only Plane and Solid 
Geometry and Trigonometry, and the entire book can be read 
by one who has taken the mathematical courses commonly given 
in our colleges. 

No special claim to originality can be made for what is 
published here. The propositions have long been estab¬ 
lished, and in various ways. Some of the proofs may be 
new, but others, as already given by writers on this subject, 
could not be improved. These have come to me chiefly 
through the translations of Professor George Bruce Halsted 
of the University of Texas. 

I am particularly indebted to my friend, Arnold B. Chace, 
Sc.D., of Valley Falls, E. I., with whom I have studied and 
discussed the subject. 

HENEY P. MANNING. 

Providence, January, 1901. 
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NON-EUCLIDEAN GEOMETRY 


INTRODUCTION 

The axioms of Greometry were formerly regarded as laws 
of tlionght which an intelligent mind could neither deny nor 
investigate. Not only were the axioms to which we have 
been accustomed found to agree with our experience, but 
it was believed that we could not reason on the supposition 
that any of them are not true. It has been shown, however, 
that it is possible to take a set of axioms, wholly or in part 
contradicting those of Euclid, and build up a G-eometry as 
consistent as his. 

We shall give the two most important Non-Euclidean 
Geometries.’^ In these the axioms and definitions are taken 
as in Euclid, with the exception of those relating to parallel 
lines. Omitting the axiom on parallels,! we are led to three 
hypotheses j one of these establishes the Geometry of Euclid, 
while each of the other two gives us a series of propositions 
both interesting and useful. Indeed, as long as we can exam¬ 
ine but a limited portion of the universe, it is not possible to 
prove that the system of Euclid is true, rather than one of 
the two Non-Euclidean Geometries which we are about to 
describe. 

We shall adopt an arrangement which enables us to prove 
first the propositions common to the three Geometries, then 
to produce a series of propositions and the trigonometrical 
formulse for each of the two Geometries which differ from 


^ See Historical Note, p. 93. 
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t See p. 91. 
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that of Euclid, and by analytical methods to derive some of 
their most striking properties. 

We do not propose to investigate directly the foundations 
of Geometry, nor even to point out all of the assumptions 
which have been made, consciously or unconsciously, in this 
study. Leaving undisturbed that which these Geometries 
have in common, we are free to fix our attention upon their 
differences. By a concrete exposition it may be possible to 
learn more of the nature of Geometry than from abstract 
theory alone. 

Thus we shall employ most of the terms of Geometry with¬ 
out repeating the definitions given in our text-books, and 
assume that the figures defined by these terms exist. In 
particular we assume : 

I. The existence of straight lines determined by any two 
points, and that the shortest path between two points is a 
straight line, 

II. The existence of planes determined by any three po ints 
not in a straight line, and that a straight line joining any two 
points of a plane lies wholly in the plane, 

III. That geometrical figures can be moved about without 
changing their shape or size, 

IV. That a point moving along a line from one position to 
another passes through every point of the line between, and 
that a geometrical magnitude, for example, an angle, or the 
length of a portion of a line, varying from one value to another, 
passes through all intermediate values. 

In some of the propositions the proof will be omitted or 
only the method of proof suggested, where the details can be 
supplied from otir common text-books. 



CHAPTER I 


PARGEOMETRY 


I. PEOPOSITIONS DEPENDING ONLY ON THE PRINCIPLE 
OF SUPERPOSITION 

1. Theorem. If one straight line meets another^ the sum of 
the adjacent angles formed is equal to two right angles. 

2. Theorem. If two straight lines intersect., the vertical 
angles are equal. 

3. Theorem. Two triangles are equal if they have a side 
and two adjacent angles., or two sides and the included angle., 
of one equalj respectively., to the corresponding parts of the 
other. 

4. Theorem. In an isosceles triangle the angles opposite the 
equal sides are equal. 

Bisect the angle at the vertex and use (3). 

5. Theorem. The perpendiculars erected at the middle 
points of the sides of a triangle meet in a point if two of 
them meet., and this point is the centre of a circle that can 
he drawn through the three vertices of the triangle. 


c 



Proof. Sxxppose EG and FO meet at 0. The triangles AFO 
and BFO are equal by (3). Also, AEG and CEG are equal. 

3 
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Hence, CO and BO are equal, being each equal to A 0. The 
triangle BCO is, therefore, isosceles, and OB if drawn bisect¬ 
ing the angle BOC will he perpendicular to BC at its middle 
point. 

6. Theorem. In a circle the radius bisecting an angle at 
the centre is perpendicular to the chord which subtends the 
angle and bisects this chord. 

7. Theorem. Angles at the centre of a circle are propor¬ 
tional to the intercepted arcs and may he measured by them. 

8. Theorem. From any point xcithout a line a perpendicu¬ 
lar to the line can he drawn. P 

Proof. Let P' be the position which P would 

take if the plane were reyolved about AB into a - b 

coincidence with itself. The straight line PP' 

is then perpendicular to AB. p/ 

9. Theorem. If oblique lines drawn from a point in a per¬ 
pendicular to a line cut off equal distances from the foot of 
the perpendicular.^ they are equal and make equal angles 
with the line and with the perpendicular. 


10. Theorem. If two lines cut a third at the same a^igle^ 



that is^ so that corresponding angles are equal., a line can he 
drawn that is perpendicular to both. 



PBOFOSITIONS PROVED BY SUPERPOSITION 
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Proof. Let the angles FMB and MND be equal, and through 
if, the middle point of MN, draw LK perpendicular to CD ; 
then LK will also be perpendicular to AB, Tor the two 
triangles LMH and KJSFH axe equal by (3). 

11. Theorem. If two equal lines in a plane are erected per¬ 
pendicular to a given line^ the line joining their extremities 
makes equal angles with them and is bisected at right angles 
hy a third perpendicular erected midway between them. 

q_ K _ p 


A H B 

Let AC and BD be perpendicular to AB, and suppose AC 
and BD equal. The angles at C and D made with a line join¬ 
ing these two points are equal, and the perpendicular EK 
erected at the middle point of AB is perpendicular to CD at 
its middle point. 

Proved by superposition. 

12. Theorem. Given as in the last proposition two perpen¬ 
diculars and a third perpendicular erected midway between 
them; any line cutting this third perpendicular at right 
angles, if it cuts the first two at all, will cut off equal 
lengths on them and make equal angles with them. 

Proved by superposition. 

Corollary. The last two propositions hold true if the angles 
at A and B are equal acute or equal obtuse angles, EK being 
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perjpendimdar to AB at its middle point. Tf AC ^ BD, the 
angles at C and D are equal, and HK is perpendicular to 
CD at its middle point; or, if CD is perpendicular to HK 


C K D 



A H B 

at any point, K, and intersects A C and BD, it will cut off equal 
distances on these two lines and make equal angles tvith them. 

II. PROPOSITIONS WHICH ARE TRUE FOR RESTRICTED 

FIGURES 

Tlie following propositions are true at least for figures 
whose lines do not exceed a certain length. That is, if there 
is any exception, it is in a case where we cannot apply the 
theorem or some step of the proof on account of the length of 
some of the lines. For convenience we shall use the word 
restricted in this sense and say that a theorem is true for 
restricted figures or in any restricted portion of the plane. 



1. Theorem. The exterior angle of a triangle is greater 
than either opposite interior angle (Euclid, I, 16). 



PROPOSITIONS TRUE FOR RESTRICTED FIGURES 7 


Proof. Draw AD from A to the middle point of the oppo¬ 
site side and produce it to E, making DE = AD. The two 
triangles ADC and EBD are equal, and the angle FED, being 
greater than the angle EBD, is greater than C. 

Corollary. At least two angles of a triangle are acute. 

2. Theorem. I/' two angles of a triangle are equal, the oppo¬ 
site sides are equal and the triangle is isosceles. 

C 



Proof. The perpendicular erected at the middle point of the 
base divides the triangle into two figures which may be made 
to coincide and are equal. This perpendicular, therefore, 
passes through the vertex, and the two sides opposite the 
equal angles of the triangle are equal. 

3. Theorem. In a triangle mth unequal angles the side 
opposite the greater of two angles is greater than the side 
opposite the smaller; and conversely, if the sides of a triangle 
are unequal the opposite angles are unequal, and the greater 
angle lies opposite the greater side. 

4. Theorem. If two triangles have two sides of one equal, 
respectively, to two sides of the other, hut the included angle 
of the first greater than the included angle of the second, the 
third side of the first is greater than the third side of the 
second; and conversely, if two triangles have two sides of 
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om equalj respectively^ to two sides of the other^ hwt the third 
side of the first greater than the third side of the second^ the 
angle opposite the third side of the first is, greater than the 
angle opposite the third side of the second. 

5. Theorem. The sum of two lines drawn from any point 
to the extremities of a straight line is greater than the sum of 
two lines similarly drawn hut included hy them. 

6. Theorem. Through any point one perpendicular only 
can he drawn to a straight line. 

P 



Proof. Let P' be the position which P would take if the 
plane were revolved about AB into coincidence with itself. 
If we could have two perpendiculars; PC and PD, from P to 
AB, then CP[ and DP^ would be continuations of these lines 
and we should have two different straight lines joining P and 
P'; which is impossible. 

Corollary. Two right triangles are equal when the hypothe- 
nuse and an acute angle of one are equal, respectively, to the 
hypothenuse and an acute angle of the other. 

7. Theorem. The perpendicular is the shortest line that can 
he drawn from a point to a straight line. 

Corollary. In a right triangle the hypothenuse is greater 
than either of the two sides about the right angle. 




PROPOSITIONS TRUE FOR RESTRICTED FIGURES 9 


8. Theorem. If oblique lines drawn from a point in a per- 
pendicular to a line cut off unequal distances from the foot of 
the perpendicular^ they are unequal^ and the more remote 
is the greater; and conversely^ if two oblique lines drawn 
from a point in a perpendicular are unequal^ the greater 
cuts off a greater distance from the foot of the perpendicular. 

9. Theorem. If a perpendicular is erected at the middle 
point of a straight line.^ any point not in the perpendicular is 
nearer that extremity of the line which is on the same side of 
the perpendicular. 

Corollary. Two points equidistant from the extremities of a 
straight line determine a perpendicular to the line at its middle 
point. 

10. Theorem. Two triangles are equal when they have three 
sides of one equal., respectively., to three sides of the other. 

11. Theorem. If two lines in a plane erected perpendicular 
to a third are unequal., the line joining their extremities 
makes unequal angles with them., the greater angle with the 
shorter perpendicular. 



Proof. Suppose AO ED. Produce ED, making EE = AC. 
Then EEC = ACE. But EDO > EEC, hy (1), and CD is a 
part of A CE. Therefore, all the more EDC > A CD. 
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12. Theorem. If the two angles at C and D are equals the 
perpendiculars are equals and if the angles are unequal^ the 
perpendiculars are unequal^ and the longer perpendicular 
makes the smaller angle- 

13. Theorem. If two lines are perpendicular to a thirds 
points on either equidistant from the third are equidistant 
from the other. 

C _ K _ p 


A H B 

Proof. Let AB and Cl) be perpendicular to HK, and on CD 
take any two points, C and D, equidistant from K ; then C 
and D will be equidistant from AB, For by superposition we 
can make D fall on C, and then DB will coincide with CA 

t>y (6). 

The following propositions of Solid Geometry depend di¬ 
rectly on the preceding and hold true at least for any 
restricted portion of space. 

14. Theorem. If a line is perpendicular to two intersecting 
lines at their intersection^ it is perpendicular to all lines of 
their plane passing through this point- 

15. Theorem. If two planes are perpendicular y aline drawn 
in one perpendicular to their intersection is perpendicular to 
the othery and a line drawn through any point of one perpen^ 
dicular to the other lies entirely in the firsts 
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16. Theorem. If a line is perpendicular to a plane^ any 
plane through that line is perpendicular to the plane, 

17. Theorem. If a plane is perpendicular to each of two 
intersecting planes^ it is perpendicular to their intersection. 


III. THE THEBE HYPOTHESES 

The angles at the extremities of two equal perpendiculars 
are either right angles, acute angles, or obtuse angles, at least 
for restricted figures. We shall distinguish the three cases 
by speaking of them as the hypothesis of the right angle, the 
hypothesis of the acute angle, and the hypothesis of the obtuse 
angle, respectively. 

1. Theorem. The line joining the extremities of two equal 
perpendiculars is^ at least for any restricted portion of the 
plane,, equal to,, greater than,, or less than the line joining 
their feet in the three hypotheses,, respectively, 

a _ K _ p 


AMD 

Proof. Let AC and BD be the two equal perpendiculars and 
HK a third perpendicular erected at the middle point of AfJ. 
Then HA and KC are perpendicular to HK, and KC is equal 
to, greater than, or less than HA, according as the angle at C 
is equal to, less than, or greater than the angle at A (II, 12). 
Hence, CD, the double of KC, is equal to, greater than, or less 
than AB in the three hypotheses, respectively. 
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Conversely, if CD is given equal to, greater than, or less 
than AB, there is established for this figure the first, second, 
or third hypothesis, respectively. 

Corollary. If <t quadrilateral has three right angles, the sides 
adjacent to the fourth angle are equal to, greater than, or less 
than the sides opposite them, according as the fourth angle is 
right, acute, or obtuse. 

2. Theorem. If the hypothesis of a right angle is true in a 
single case in any restricted portion of the plane, it holds 
true in every case and throughout the entire plane. 


o' D' 



Proof. We have now a rectangle; that is, a quadrilateral 
with four right angles. By the corollary to the last propo¬ 
sition, its opposite sides are equal. Equal rectangles can be 
placed together so as to form a rectangle whose sides shall be 
any given multiples of the corresponding sides of the given 
rectangle. 

Now let A'B' be any given line and A’C' and B'D' two equal 
lines perpendicular to A'B' at its extremities. Divide A'C", if 
necessary, into a number of equal parts so that one of these 
parts shall be less than AC, and on AC and BD lay off AM 
and BN equal to one of these parts, and draw MN. ABNM 
is a rectangle; for otherwise MN would be greater thar. or 
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less than AB and CD, and the angles at M and N would all be 
acute angles or all obtuse angles, which is impossible, since 
their sum is exactly four right angles. Again, divide A'H' 
into a sufficient number of equal parts, lay off one of these parts 
on A B and on MN, and form the rectangle APQM. Eectangles 
equal to this can be placed together so as exactly to cover the 
figure A’B^D'C, which must therefore itself be a rectangle. 

3. Theorem. If the hypothens of the acute angle or the 
hypothesis of the obtuse angle holds true in a single case 
within a restricted portion of the plane^ the same hypothesis 
holds true for every case within any such portion of the plane. 

G_ _ K _ P 


ABB 

Proof, Let CD move along AC and BD, always cutting off 
equal distances on these two lines; or, again, let A C and BD 
move along on the line AB towards HK or away from HK^ 
always remaining perpendicular to AB and their feet always 
at equal distances from H, The angles at C and D vary 
continuously and must therefore remain acute or obtuse, as 
the case may be, or at some point become right angles. There 
would then be established the hypothesis of the right angle, 
and the hypothesis of the acute angle or of the obtuse angle 
could not exist even in the single case supposed. 

The angles at C and D could not become zero nor 180® in a 
restricted portion of the plane; for then the three lines AC, 
CD, and BD would be one and the same straight line. 
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4. Theorem. The mm of the angles of a triangle^ at least 
in any restricted portion of the plane^ is equal to^ less than^ 
or greater than two right angles^ in the three hypotheses^ 
respectively. 



Fig. 1, Fig. 2. 


Proof, (riven any right triangle, ABD (Fig. 1), with right 
angle at R, draw A C perpendicular to AB and equal to BD. 
In the triangles ADC and DAB, AC = BD and AD is common, 
hut DC is equal to, greater than, or less than AB in the three 
hypotheses, respectively. Therefore, DA C is equal to, greater 
than, or less than ADB in the three hypotheses, respectively 
(II, 4). Adding BAD to both of these angles, we have ADB 
+ BAD equal to, less than, or greater than the right angle 
BAC, 

Now at least two angles of any restricted triangle are acute. 
The perpendicular, therefore, from the vertex of the third 
angle upon its opposite side will meet this side within the 
triangle and divide the triangle into two right triangles. 
Therefore, in any restricted triangle the sum of the angles 
is equal to, less than, or greater than tyo right angles in the 
three hypotheses, respectively. 

We will call the amount by which the angle-sum of a tri¬ 
angle exceeds two right angles its excess. The excess of a 
polygon of n sides is the amount by which the sum of its 
angles exceeds n — 2 times two right angles. 

It will not change the excess if we count as additional 
vertices any number of points on the sides, adding to the sum 
of the angles two right angles for each of these points. 
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15 


5. Theorem. The excess of a polygon is equal to the sum of 
the excesses of any system of triangles into which it may he 
divided. 



Proof. If we divide a polygon into two polygons by a straight 
or broken line^ we may assume that the two points where it 
meets the boundary are vertices. If the dividing line is a 
broken line, broken at p points, the total sum of the angles of 
the two polygons so formed will be equal to the sum of the 
angles of the original polygon plus four right angles for each 
of these p points, and the sides of the two polygons will be 
the sides of the original polygon, together with the p + 1 
parts into which the dividing line is separated by the p points, 
each part counted twice. 

Let S be the sum of the angles of the original polygon, and 
n the number of its sides. Let S’ and n’, S’’ and n” have the 
same meanings for the two polygons into which it is divided. 
Then we have, writing R for right angle, 

+ s” = N + 4.pR, 

and n’ + n” == n + 2 {p + 1). 

Therefore, S’-2(n’-2)R + S” - 2(n” ^ 2)R 

= N + -- 2(n + 2p '- 2)R 

= 5-2(n-2)i2. 

Any system of triangles into which a polygon may be divided 
is produced by a sujficient number of repetitions of the above 
process. Always the excess of the polygon is equal to the 
sum of the excesses of the parts into which it is divided. 
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We may extend the notion of excess and apply it to any 
combination of different portions of the plane bounded com¬ 
pletely by straight lines. 

Instead of considering the sum of the angles of a polygon, 
we may take the sum of the exterior angles. The amount by 
which this sum falls short of four right angles equals the 
excess of the polygon. We may speak of it as the deficiency 
of the exterior angles. 



The stun of the exterior angles is the amount by which we 
turn in going completely around the figure, turning at each 
vertex from one side to the next. If we are considering a 
combination of two or more polygons, we must traverse the 
entire boundary and so as always to have the area considered 
on one side, say on the left. 

6. Theorem. The excess of polygons is always zero^ always 
negative^ or always positive. 

Proof. We know that this theorem is true of restricted tri¬ 
angles, but any finite polygon may be divided into a finite 
number of such triangles, and by the last theorem the excess 
of the polygon is equal to the sum of the excesses of the 
triangles. 

When the excess is negative, we may call it deficiency, or 
speak of the excess of the exterior angles. 

Corollary. The excess of a polygon is numerically greater 
than the excess of any part which may be cut off from it by 
straight lines, except in the first hypothesis, when it is zero. 



ABEA OF TRIANGLES 
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The following theorems apply to the second and third 
hypotheses. 

7. Theorem. By dimmiMng the sides of a triangle^ or even 
one side while the other two remain less than some fixed 
lengthy we can diminish its area indefinitely^ and the sum 
of its angles will approach two right angles as limit. 



Proof. Let ABDC be a quadrilateral with three right angles, 
A, B, and C, A perpendicular moving along AB will con¬ 
stantly increase or decrease; for if it could increase a part 
of the way and decrease a part of the way there would he 
different positions where the perpendiculars have the same 
length; a perpendicular midway between them would be per¬ 
pendicular to CD also, and we should have a rectangle. 

Divide AjB into n equal parts, and draw perpendiculars 
through the points of division. The quadrilateral is divided 
into n smaller quadrilaterals, which can be applied one to 
another, having a side and two adjacent right angles the same 
in all. Beginning at the end where the perpendicular is the 
shortest, each quadrilateral can be placed entirely within the 

next. Therefore, the first has its area less than ^th of 

n 

the area of the original quadrilateral, and its deficiency or 
1 

excess less than - th of the deficiency or excess of the whole. 
n 

Now any triangle whose sides are all less than A C or jBD, and 
one of whose sides is less than one of the subdivisions of AB, 
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can be placed entirely within this smallest quadrilateral. Such 
a triangle has its area and its deficiency or excess less than 

i th of the area and of the deficiency or excess of the original 
n 

quadrilateral. 

Thus, a triangle has its area and deficiency or excess less 
than any assigned area and deficiency or excess, however 
small, if at least one side is taken sufiiciently small, the 
other two sides not being indefinitely large. 

8. Theorem. Two triangles having the same deficiency or 
excess have the same area. 


Proof. Let A OB and A'OB^ have the same deficiency or excess 
and an angle of one equal to an angle of the other. If we place 
them together so that the equal angles coincide, the triangles 
will coincide and be entirely equal, or there will be a quad¬ 
rilateral common to the two, and, besides this, two smaller 
triangles having an angle the same in both and the same 
deficiency or excess. Putting these together, we find again 
a quadrilateral common to both and a third pair of triangles 
having an angle the same in both and the same deficiency or 
excess. We may continue this process indefinitelyj unless we 
come to a pair of triangles which coincide; for at no time can 
one triangle of a pair be contained entirely within the other, 
since they have the same deficiency or excess. 
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Let so denote the sum of the sides opposite the equal angles 
of the first two triangles, sa the sum of the adjacent sides, and 
s^a that portion of the adjacent sides counted twice, which is 
common to the two triangles when they are placed together. 
Writing o' and a' for the second pair of triangles, o" and a” 
for the third pair, etc., we have 

sa = s'a 4“ so'j so = sa’, 

sa’ = s’a’ 4" so”, so’ = sa”, 

sa” = s’a” 4* so’”, etc. so” = sa'”, etc. 

sa = s’a + s’a” + 4-, 

= s^a’ + s’a’” + s’a^ 4 - .... 

Therefore, the expressions s’a, s’a’, s'a”, • diminish indefi¬ 

nitely. Each of these is made up of a side counted twice 
from one and a side counted twice from the other of a pair of 
triangles. Thus, if we carry the process suificiently far, the 
remaining triangles can be made to have at least one side as 
small as we please, while all the sides diminish and are less, 
for example, than the longest of the sides of the original 
triangles. Therefore, the areas of the remaining triangles 

diminish indefinitely, and as the difference of the areas 

remains the same for each pair of triangles, this difference 
must be zero. The triangles of each pair and, in particular, 
the first two triangles have the same area. 


B 




Let AJ3C and DEF have the same deficiency or excess, and 
suppose AC<DF. Produce AC io C’, making AC’DF, 
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Then there is some point, on AB between A and B such 
that AB'C' has the same deficiency or excess and the same 
area as ABC, Place AB^C' upon BEF so that AC' will coin¬ 
cide with DP, and let BE'F be the position which it takes. 
If the triangles do not coincide, the vertex of each opposite 
the common side BF lies outside of the other. The two tri¬ 
angles have ill common a triangle, say DOP, and besides this 
there remain of the two triangles two smaller triangles which 
have one angle the same in both and the same deficiency 
or excess. These two triangles, and therefore the original 
triangles, have the same area. 

9. Theorem. The areas of any two triangles are propor¬ 
tional to their deficiencies or excesses. 



Proof. A triangle may be divided into n smaller triangles 
having equal deficiencies or excesses and equal areas by lines 
drawn from one vertex to points of the opposite side. Each of 

these triangles has for its deficiency or excess - th of the defi- 

1 

ciency or excess of the original triangle, and for its area - th 
of the area of the original triangle. 

When the deficiencies or excesses of two triangles are com¬ 
mensurable, say in the ratio m : w, we can divide them into 
m and n smaller triangles, respectively, all having the same 
deficiency or excess and the same area. The areas of the 
given triangles will therefore he in the same ratio, m\n. 
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When the deficiencies or excesses of two triangles, A and ii, 
are not commensurable, we may diyide one triangle, A, as 
above, into any number of equivalent parts, and take parts 
equivalent to one of these as many times as possible from the 




other, leaving a remainder which has a deficiency or excess 
less than the deficiency or excess of one of these parts. The 
portion taken from the second triangle forms a triangle, B'. 
A and have their areas proportional to their deficiencies or 
excesses, these being commensurable. ITow increase indefi¬ 
nitely the number of parts into which A is divided. These 
parts will diminish indefinitely, and the remainder when we 
take B^ from B will diminish indefinitely. The deficiency or 
excess and the area of B' will approach those of and the 
triangles A and B have their areas and their deficiencies or 
excesses proportional. 

Corollary. The areas of two ^polygons are to each other as 
their deficiencies or excesses, 

10. Theorem. Q-iven a right triangle with a fixed angle; 
if the sides of the triangle diminish indefinitely,^ the ratio of 
the opposite side to the hypothenuse and the ratio of the 
adjacent side to the hypothenuse approach as limits the sine 
and cosine of this angle. 

Proof. Lay off on the hypothenuse any number of equal 
lengths. Through the points of division 4i, per¬ 

pendiculars AiCij A%C^j ••• to the base, and to these lines 
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produced draw perpendiculars A^Di, A^Di, ■ ■ • each from the 
next point of division of the hypothenuse. 

The triangles OA^Ci and A^A-iPi are equal (II, 6, Cor.). 

and CiCi^D^At-, 


therefore, 


9£l<9£l, 

OA^ < OAi OAi > OAi 


the upper sign being for the second hypothesis and the lower 
sign for the third hypothesis. 



Since OA,_i = (r - 1) OAi, 


and also 


= (r- 1)A,_^A,, 


the inequalities ^ i 

OA^<0A,_, “ 0A^> OAr., 

applied to the angle at A^_^ become 

and 2r=iir<2£r=l. 

■^r—lAr OA^_-i OAy_i 


The first of these two inequalities may be written 


4r-I-Pr-W ^r-l-^r 
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Add 1 to both members, 

Or —I-^r— 1 v, OAr 

Or_iAr_i<OAr_/ 


or 


— 1-^7 ’— 1 

OA^ < 

OA,_, 

But 


Cr-ir>r-l- 





OA,< 


Again, 

1 

VA 



Hence, from the second inequality above, we have 

Or_lOr OOr_j 

Ar_aAr> OAr_/ 


or 


Cr-lOr ^ Ar_iA,. 
OOr.i > OAr_i 


Add 1 to both members. 


OC'r ^ OAr 

OOr.i^OAr-i’ 


OCr^ OC'r_i 

OAr>OAr_ 


The ratios and being less than 1, and always increas¬ 
ing or always decreasing when the hypothemise decreases, 
approach definite limits. These limits are contmuous func¬ 
tions of A ; if we vary the angle of any right triangle contin¬ 
uously, keeping the hypothenuse some fixed length, the other 
two sides will vary continuously, and the limits of their ratios 
to the hypothenuse must, therefore, vary continuously. 

Calling the limits for the moment sA and cA, we may extend 
their definition, as in Trigonometry, to any angles, and prove 
that all the formulae of the sine and cosine hold for these 
functions. Then for certain angles, 30®, 45°, 60°, we can prove 
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that they have the same values as the sine and cosine, and 
their values for all other angles as determined from their 
values for these angles will be the same as the corresponding 
values of the sine and cosine. 


C 



Draw a perpendicular, CF, from the right angle C to the 
hypothenuse AB. The angle FCB is not equal to A, but the 
difference, being proportional to the difference of areas of 
the two triangles ABC and FBCy diminishes indefinitely when 
the sides of the triangles diminish. From the relation 

AF AC FB BC 

AC AB^ BC AB’^ ' 

we have, by passing to the limit, 

(cAy+(sAy = l. 

Let X and y be any two acute angles, and draw the figures 
used to prove the formulae for the sine and cosine of the sum 
of two angles. 

The angles x and y remaining fixed, we can imagine all of 
the lines to decrease indefinitely, and the functions sx, ex, sy^ 
etc., are the limits of certain ratios of these lines. 

OA OB OA BA OA ^ 

CDBA 

OA ”” OB OA BA M 
^ in the second figure^ . 
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The angles at M are equal in the two triangles EMB and 
CMO, and we may write 

CM ME -\-h ME ± CM->rh 
OM~ MB ~~ MB ± OM ’ 
where 8 has the limit zero. 



The angle EAB, or is not the same as cc, but differs from 
X only by an amount which is proportional to the difference of 
the areas of the triangles OMC and MAB^ and which, there¬ 
fore, diminishes indefinitely. Thus, the limits of sx^ and cx' 
are sx and ox, 

Finally, as the two triangles A CJSf and BDN have the angle 
JV in common, we may write 

DN CN+8' _ CN- D]Sr+ 8' 

BN~ AN ~ AN-BN ’ 
where the limit of 8' is zero. 


lim 


CD 

AB 


■ lim 


CJSf 

Ajsr 


sx. 


Now at the limits our identities become 
5 (x + y) = 50? • ct/ + cx • sy, 
c(x + y) === cx • oy — 5X • sy. 
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By induction, these formulae are proved true for any angles. 
Other formulae sufficient for calculating the values of these 
functions from their values for 30°, 46°, and 60° are obtained 
from these two by algebraic processes. 

If the sides of an isosceles right triangle diminish indefi¬ 
nitely, the angle does not remain fixed but approaches 46°, 
and the ratios of the two sides to the hypothenuse approach 
as limits s46° and c45°. Therefore, these latter ai-e equal, 
and since the sum of their squares is 1, the value of each is 

—the same as the value of the sine and cosine of 45°. 

V2 

Again, bisect an equilateral triangle and form a triangle in 
which the hypothenuse is twice one of the sides. When the 
sides diminish, preserving this relation, the angles approach 
30° and 60°. Therefore, the functions, s and c, of these angles 
have values which are the same as the corresponding values of 
the sine and cosine of the same angles. 

Corollary. When any plane triangle diifninishes indefinitely^ 
the relations of the sides and angles approach those of the sides 
and angles of plane triangles in the ordinary geometry and 
trigonometry with which we are familiar. 

11. Theorem. Spherical geometry is the same in the three 
hypotheses, and the formulce of spherical trigonometry are 
exactly those of the ordinary spherical trigonometry. 

Proof. On a sphere, arcs of great circles are proportional to 
the angles which they subtend at the centre, and angles on a 
sphere are the same as the diedral angles formed by the planes 
of the great circles which are the sides of the angles. Their 
relations are established by drawing certain plane triangles 
which may be made as small as we please, and therefore may 
be ass^ed to be like the plane triangles in the hypothesis 
of a right angle. These relations are, therefore, those of the 
ordinary Spherical Trigonometry. 
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The three hypotheses give rise to three systems of Geometry, 
■which are called the Parabolic, the Hyperbolic, and the Elliptic 
Geometries. They are also called the Geometries of E'nclid, of 
Lobachevsky, and of Eiemann. The follo'W'ing considerations 
exhibit some of their chief characteristics. 



Given PC perpendicular to a line, CF-, on the latter we take 

CD = PC, 

DD' = PD, 

D'D" = PD', etc. 

Now if PC is sufidciently short (restricted), it is shorter 
than any other line from P to the line CF ; for any line as 
short as PC or shorter would be included in a restricted por¬ 
tion of the plane about the point P, for which the perpendicu¬ 
lar is the shortest distance from the point to the line. 

Therefore, PD > PC, .-. CD' > 2 CD, 

PD' > PC, etc.; CD" > 3 CD, etc. 

Again, in the three hypotheses, respectively, 

CPD||, and 

DPD' I i CPD, CD’P I i CDP, 

D'PD" ^ it DPD', etc., CD"P < ^ CD'P, etc. 

At P we have a series of angles. In the first hypothesis 
there is an infinite number of these angles, and the series 
forms a geometrical progression of ratio whose value is 
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exactly In tlie second hypothesis there is also an infinite 

ninnher of these angles, and the terms of the series are less 
than the terms of the geometrical progression. The yaltie of 

the series is, therefore, less than In the third hypothesis 

we have a series whose terms are greater than those of the 
geometrical progression, and, therefore, whether the series is 

convergent or divergent, we can get more than — by taking a 

sufficient number of terms. In other words, we can get a right 
angle or more than a right angle at P by repeating this process 
a certain finite number of times. 

The angles at P, D”, • • • are exactly equal to the terms 
of the series of angles at P. In the first two hypotheses they 
approach zero as a limit. 

The distances CD, CD\ CD^', * • • increase each time by more 
than a definite quantity, CD*, therefore, if we repeat the 
process an unlimited number of times, these distances will 
increase beyond all limit. Thus, in the first and second 
hypotheses we prove that a straight line must be of infinite 
length. 

In the hypothesis of the obtuse angle the line perpendicular 
to PC at the point P will intersect CF in a point at a certain 
finite distance from C, one of the D^s, or some point between. 
On the other side of PC this same perpendicular will intersect 
PC produced at the same distance. But we have assumed that 
two different straight lines cannot intersect in two points; 
therefore, for us the third hypothesis cannot be true unless 
the straight line is of finite length returning into itself, and 
these two points are one and the same point, its distance from 
C in either direction being one-half the entire length of the 
line. In this way, however, we can build up a consistent 
Geometry on the third hypothesis, and this Geometry it is 
which is called the Elliptic Geometry. 
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The constructions would have been the same, and very 
nearly all the statements would have been the same, if we had 
taken CD any arbitrary length on CF, 

The restriction which we have placed upon some of 
the propositions of this chapter is necessary in the third 
hypothesis. 

Thus, in the proof that the exterior angle of a triangle is 
greater than the opposite interior angle, the line dl> drawn 
through the vertex A to the middle point D of the opposite 



side was produced so as to make AE AD. If AD were 
greater than half the entire length of the straight line deter¬ 
mined by A and D, this would bring the point E past the point 
A, and the angle CBE, which is equal to the angle (7, instead 
of being a part of the exterior angle CBF^ becomes greater 
than this exterior angle. 

Again, if two angles of a triangle are equal and the side 
between them is just an entire straight line, it does not follow 
necessarily that the opposite sides are equal. It may be said, 
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however, that the opposite sides form one continuous line, and, 
therefore, this figure is not strictly a triangle, but a figure 



somewhat like a lune. The points A and B are the same 
point, and the angles A and B are vertical angles. 

Finally, though we assume that the shortest path between 
two points is a straight line, it is not always true that a 
straight line drawn between two points is the shortest path 
between them. We can pass from one point to another in 
two ways on a straight line; namely, over each of the two 
p^s mto which the two points divide the line determined by 
t em. One of these parts will usually be shorter than the 
other, and the longer part wiU be longer than some paths 
along broken lines or curved lines. 

When, however, the straight line is of infinite length, that 
IS, m the hypothesis of the right angle and in the hypothesis 

of the acute angle, all the propositions of this chapter hold 
without restriction. 

The Euclidean Geometry is familiar to all. We will now 
make a detailed study of the Geometry of Lobachevsky, and 
then take up m the same way the Elliptic Geometry. 



CHAPTER TI 


THE HYPERBOLIC GEOMETRY 

We have now the hypothesis of the acute angle. Two lines 
in a plane perpendicular to a third diverge on either side of 
their common perpendicular. The sum of the angles of a 
triangle is less than two right angles, and the propositions 
of the last chapter hold without restriction. 

I. PARALLEL LINES 

From any point, P, draw a perpendicular, PC, to a given 
line, AB, and let PD he any other line from P meeting CB 
in D. If D move off indefinitely on CB, the line PD will 
approach a limiting position PE. 



PE is said to be parallel to CB at P. PE makes with PC 
an angle, CPE, which is called the angle of pai'allelism for 
the perpendicular distance PC. It is less than a right angle 
by an amount which is the limit of the deficiency of the tri¬ 
angle PCD. On the other side of PC we can find another 
line parallel to CA and making with PC the same angle of 
parallelism. We say that PE is parallel to AP towards that 
part which is on the same side of PC with PE. Thus, at any 

31 
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point there are two parallels to a line, but only one towards 
one part of the line. Lines through P which make with PC 
an angle greater than the angle of parallelism and less than, 
its supplement do not meet AB at all. We write II (jp) to 
denote the angle of parallelism for a perpendicular distance, jp. 


1. Theorem. A straight line maintains its parallelism at 
all points. 



let AE be parallel to CD at E and let F be any other point 
ot AB on either side of E, to prove that AD is parallel to Ci> 
at F. 

Proof. To H, on CD, draw FD and FH. If H move off 
indefinitely on CD, these two lines will approach positions of 
parallelism with CD. But the limiting position of EH is the 
me AB passmg through F, and if the limiting position of FH' 
were some other line, FF, F would be the limiting position of 
it, the intersection of EH and FH. 


2. Theorem. If one line is parallel to another, the second 
ts parallel to the first. 

Proof. Draw A C perpendicular to CD. The anele rA /? 

n tfZ’ ft “ 

»d 1«, than »Mcl. 'i, a right 

CAB <: A CD, and CEB > ECD. 
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If tlie line CE revolTe about tbe point C to the position of 
CA, tbe angle at E will decrease to the angle A, and the angle 
at C will increase to a right angle. There will be some posi¬ 
tion, say CFj where these two angles become equal; that is, 


CFB == FCD. 



Draw MN perpendicular to CF at its middle point and 
revolve the figure about MN as an axis. CD will fall upon 
the original position of AB, and AB will fall upon the original 
position of CD. Therefore, CD is parallel to AB. 



Proof. FB and CD are symmetrically situated with respect 
to MN, and cannot intersect MN since they do not intersect 
each other. Draw FH to H, on CD, intersecting MN in K. 
If H move off indefinitely on CD, FH will approach the posi¬ 
tion of FB as a limit. Now K cannot move off indefinitely 
before E does, for FK < FH. But again, when H moves off 
indefinitely, K cannot approach some limiting position at a 
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finite distance on MN ; for FB, and therefore CD, ’would then 
intersect MN and each, other at this point. Therefore, H and 
K must move off together, and the limiting position of FH 
must be at the same time parallel to CD and MN. 

In the same way we can prove that any line lying in a 
plane between two parallels must intersect one of them or be 
parallel to both. 

3. Theorem. Two lines parallel to a third towards the same 
part of the third are parallel to each other. 


E 



First, when they are all in the same plane. 

Let AJB and EF be parallel to CD, to prove that they are 
parallel to each other. 

Proof. Suppose JB lies between the other two. To IT, any 
point on CD, draw AIT and Eff, and let K be the point where 
EH intersects AB. As H moves off indefinitely on CD, AH 
and EH approach as limiting positions AB and EF. Now K 
cannot move off indefinitely before H does, for EK < EH. 
But again, when H moves off indefinitely, K cannot approach 
some limiting position at a finite distance go. AB-, for this point 
would be the intersection of AB and EF, and the limiting 
position of H, whereas H moves off indefinitely on CD. There¬ 
fore, H and K must move off together, and the limiting posi¬ 
tion of EH must be at the same time parallel to CD AB. 
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If A£, lying Isetween the other twoj is given parallel to CD 
and EF, EF must he parallel to CD-, for a line through E 
parallel to CD would be parallel to AB, and only one line can 
be drawn through E parallel to AB towards the same part. 



Second, when the lines are not all in the same plane. 

Let AB and CD be two parallel lines and let E be any point 
not in their plane. 

Proof. To Hon CD draw A S'and BIT. As H moves off indefi¬ 
nitely, AH approaches the position of AB, and the plane BAH 
the position of the plane BAB. Therefore, the limiting posi¬ 
tion of EH is the intersection of the planes ECD and BAB. 
The intersection of these planes is, then, parallel to CD, and 
in the same way we prove that it is parallel to AB. 

How, if EF is given as parallel to one of these two lines 
towards the part towards which they are parallel, it must be 
the intersection of the two planes determined by them and 
the point B, and therefore parallel to the other line also. 

4. Theorem. Parallel lines continually ap^proach, each other. 

let AB and CD be parallel, and from A and B, any points 
on AB, drop perpendiculars A C and BD to CD. Supposing 
that B lies beyond A in the direction of parallelism, we are 
to prove that BD < AC. 

Proof. At H, the middle point of CD, erect a perpendicular 
meeting AB in K. The angle BKH is an acute angle, and the 
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angle AKH is an obtuse angle. Therefore, a perpendicular to 
HK at K must meet CA in some point, E, between C and A 



C H D 


and BB produced in some point, F, beyond B. But DF = CE 
(Chap. I, 1 , 12 ) ; therefore, BB < CA, 

Corollary, If AB and CB are parallel and A C makes equal 
angles with them (like FC in 2 above), then EF, cutting off 
equal distances on these two lines, AE= CF, on the side towards 
which they are parallel, will he shorter than A C, 



€ F B 


Pr^. ^ pe^rendiculax to AC at its middle point, is 

^ symmetrical 

resp^ ^ Mm EH, half of is less than 
and therefore EF is less than AC. 


5. Theorem M the p,rpendimlar distance varies, starting 
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made to differ from a right angle by less than any assigned 
value if we take a perpendicular distance sufl&ciently small. 


D 



For, ADE being any given angle as near a right angle as 
we please, we can take a point, X, on DE and draw LR perpen¬ 
dicular to DA at R. The angle RDL must increase to become 
the angle of parallelism for the perpendicular distance JKD. 


P a 



Now let p be the length of a given perpendicular PM, and 
let a be the amount by which its angle of parallelism differs 

TT 

from —; that is, say 

n (i?) = I - «. 

PM, being perpendicular to MN, and H any point on MN, the 
angle MPH approaches as a limit the angle of parallelism, 
n (jp), when H moves off indefinitely on MN. The line PH 
meets the line MN as long as MPH < n (^'p), and by taking 
MPH sufficiently near n (jp), but less, we can make the angle 
MHP as small as we please (see p. 27). 

In figure on page 38, let ^ C be perpendicular to A B,D being 
any point on .4 C and DE parallel to A B. Draw DK beyond DE, 
making with DE an angle, EDK — n(p), and make DK =p. 
TF, perpendicular to DK at K, will be parallel to DE and AB. 
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By placing PMN of the last figure upon DKT, -we see that 


DC will meet KT in a point, 0 if 


KDC<Il(jp), 

that is, if 

ABE >2 a. 

Then in 

the right triangle BKG, 


BGK + KBG<~ 

Jj 

But 

ABE->rKBG = '^ + a-,- 

therefore, 

BGK < ABE - a. 



Starting from the point G, we can repeat this construction, 
and each time we subtract from the angle of parallelism an 
amount greater than a. We can continue this process until 
the angle of parallelism becomes equal to or less than 2 a. 

If the point D move along AC, BE remaining constantly 
parallel to AB, the angle at D will constantly diminish, and 
by letting D move sufSciently far on .1C we can reach a point 
where this aj^le becomes equal to or less than 2 ar. 

• of parallelism is 

]ust 2 «. Then, if we draw DK and TF as before, KT will be 
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parallel to DC. All the parallels to AB lying hetween AB 
and this position of TF meet A C, and as the parallel moTes 
towards this position of TF^ the angle of parallelism at D 
approaches zero, and the point D moves off indefinitely. 



Fot an obtuse angle we may take 2> negative, and we have 

n(-~jp)=7r-n(^). 


6. Theorem. The perpendicularB erected at the middle 
points of the sides of a triangle are all parallel if two of 
them are parallel. 



Let A, R, and C be the vertices of the triangle, and D, D, 
and D, respectively, the middle points of the opposite sides. 
Suppose the perpendiculars at D and E are given parallel, to 
prove that the perpendicular at F is parallel to them. 
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I^oof. Draw CM through C parallel to the two given par¬ 
allel perpendiculars. CM forms with the two sides at C angles 

of parallelism H and H of which the angle at C is 

the sum or difference according as C lies between the given 
perpendiculars or on the same side of both. By properly 
diminishing these angles at C, keeping the lengths of CA 
tiachanged, we can make the perpendiculars at their 
middle points D and E intersect CM, and therefore each other, 


at any distance from C greater than - and greater than 

Let A B C be the triangle so formed, 0 the point where the 
two given perpendiculars meet, and CM' the line through 0. 
n t e triangle A B'C', the three perpendiculars meet at the 
pomt 0 (Chap. I, I, 5). Now we can let 0 move off on CM', 
the construction remaining the same. That is, we let the 
ines CA' and CB' rotate about C without changing their 
^ ^ manner that the three perpendiculars D'O, 

B 0, and F 0 shall always pass through C. As 0 moves off 

indefinitely, the angles at C' approach n(|) and u (l) as 
bmite, and the three perpendiculars approach positions of 

triangle 

^pioaches as a limit a triangle which is equal to ABC, 

fW? “S'e respeotiTdy, to 

,W parts of fte late,. Tterefore, in AlC the 

three perpendiculars are all parallel. 

^ Wtemct and are not 
pwraOd Uve one and only om common pcrpendicvlan. 

Leif the W'J'iWK to CD. H AC is not 

Let this angle be on the side 
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towards AB, so that BAC < Draw AE parallel to CD 

on this same side of AC. The angle EAC is less than BAC, 
since AB is not parallel to CD and does not intersect it. Let 
AH he any line drawn in the angle EAC, intersecting CD at 
H. If H, starting from the position of C, move off indefinitely 



C M H D 


on the line CD, the angle BAH will decrease from the magni¬ 
tude of the angle BAC to the angle BAE. The angle AHC 
will decrease indefinitely from the magnitude of the angle at 
C, which is a right angle and greater than BA C. There will 
be some position for which BAH = AHC. In this position 
the line NM through the middle point oi AH perpendicular 
to one of the two given lines wiU be perpendicular to the 
other, as proved in Chap. I, I, 10. 

If there were two common perpendiculars we should have a 
rectangle, which is impossible in the Hyperbolic G-eometry. 


8. Theorem. If the perpendi<yular» erected at the middle 



points of the sides of a triangle do not meet and are not 
parallel, they are all perpendicular to a certain line. 
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to two a- luie, AB, that will be perpendicular 

vertices of the perpendiculars from the three 

II 1 r 1 by Chap. I, 

two of ttrT between L; 

of the trianrfp ^T'l^ P®^endicular to the corresponding side 
thrt ofTet 1’ I’ 11)- ThL, all 

sMes of 1 f ®^®f at the middle points of the 

sides of the triangle are perpendicular to AB. 

onIht *« its P^jection 

<t»i ^ ** to a plane 

nd paraOel to any kne not in the plane. 




in^e plLlI^^ at 

length, AC, such that the^angle It A T ^ 

cn, perpaidionPai to ton ^ C ^’jl! “ 

In toe amne way, on toe otoer side of top 1 to .fs. 

nte ^ ^ dnawn paraJJel to Bd ptodnced ^ 

diyense. C ■i-o.ion it 

of AS on toe plane, we ean draw o liTm 

towards that part of AB whiVK a- ^ Parallel to AB 

draw OZi paraL to tol^tdtTs'T 
Unless dfi is paiallol to ifjr it^T” 
point, or the plane and lineTrin P^^e at some 

and the line wiU diverge from ® ^ P^^’Pendicular, 

se am toe plane in boa directW 
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In the latter case there are two perpendiculars that are parallel 
to the line, one parallel towards each part of the line. 

Two perpendiculars cannot be parallel towards the same 
part of a line; for then they would be parallel to each other, 
and two lines cannot be perpendicular to a plane and parallel 
to each other. 

II. BOUNDARY-CURVES AND SURFACES, AND EQUI¬ 
DISTANT-CURVES AND SURFACES 

Haying given the line AB, at its extremity, A, we take any 
arbitrary angle and produce the side A C so that the perpen¬ 
dicular erected at its middle point shall be parallel to AB. 
The locus of the point (7 is a curve which is called oricycle, or 
boundary-curve. AB is its axis. 



From their definition it follows that all boundary-curves 
are equal, and the boundary-curve is symmetrical with respect 
to its axis; if revolved through two right angles about its 
axis, it will coincide with itself. 

1. Theorem. An^ line parallel to the axu of a boundary- 
curve may he tahen for axis. 

Let AB be the axis and CD any line parallel to AB, to 
prove that CD may be taken as axis. 
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Proof. Draw AC also to E, any other point on the curve, 
draw AE and CE. The perpendiculars erected at the middle 
points ot AC and of AE are parallel to AB and CD and to each 



other. Therefore, the perpendicular erected at the middle 
point of CEi the third side of the triangle ACEy is parallel to 
them and to CD, CD then may be taken as axis. 

Corollary. The houndary^curve Tnay he slid along on itself 
without altering its sha^e; that is, it has a constant curvature, 

2, Theory. Two houndary^iurves having a common set of 
a^es cut off the same distance on each of the axes, and the 
ratio of corresponding arcs defends only on this distance. 



Proof. Take any two axes and a third axis bisecting the 
arc Which ike first two intercept on one of the two boundary- 
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OTirres. By revolving the figure about this axis we show that 
the curves cut off equal distances on the two axes. 

Let AA'y BE', and CC be any three axes of the two boundary- 
curves AB and A'B' i let their common length be x and let 
them intercept arcs s and t on AB, s' and t' on A'B', 

When s = t, s' = t', and, in general, 



as we prove, first when s and t are commensurable, and then 
by the method of limits when they are incommensurable. 

The ratio — is, therefore, a constant for the given value of x. 

Write 


8 



From three boundary-curves having the same set of axes, 
ve find + y) = f(x)f(y). 

This property is characteristic of the exponential function 

s 

whose general form is Therefore, — = e"®, the 

s 

value of a depending on the unit of measure (see below p. 76). 


^ Putting y =:Xy 2 ... (n — 1) aj in succession, we find 

finx) = [/(X)]" 

for positive integer values of n, z being any positive quantity. 


[/«)]'■ 


and this is the rth power of the ath root of the first member of the 
equation « 
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3. Theorem. The area enclosed hy two houndary-curves 
having the same axes and hy two of their common axes is 
proportional to the difference of the intercepted arcs. 

t 




Proof. Let s and s' be the lengths of the intercepted arcs, 
and I the distance measured on an axis between them. Ijet t, 
f, and k be'the corresponding quantities for a second figure 
constructed in the same way. 

If tile corresponding lines in the two figures are all equal, 
the areas are equal, for they can be made to coincide. If 
only k — l, the areas are to each other as corresponding arcs, 
say as s ': t', proved first when the arcs are commensurable, and 
then by the method of limits when they are incommensurable. 


When I and k are commensurable, suppose 
I k 


m v/ 


as8^that /(*) is a continuous function of we have proved 
that for aU real poritive values of * and n proven 

/(«*)=[/(*)]», 

and if we put a; for n and 1 for *, we have 

/(») ={/(!)]* 

We will write /(I) = e“; then 

/(*) = e<“. 
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We can draw a series of bonndary-curyes at distances equal to 
a on the axes and divide the areas into m and n parts, respec¬ 
tively. If T is the ratio of arcs corresponding to the distance 
a, these parts will be proportional to the quantities 
s\ ••• 

••• 


The two areas are then to each other in the ratio 


6 * 


f 



t’ 


r" — 1 
r — 1 


But s'j'” = s and t'r^ = t, 

so that this is the same as the ratio 

s — s': t — t'. 

When I and k are incommensurable, we proceed as in other 
similar demonstrations. 

This theorem is analogous to the one which we have proved 
about polygons: the area is proportional to the amount of 
rotation in excess of four right angles in going around the 
figure, for the rate of rotation in going along a boimdary- 
curve is constant. 


The locus of points at a given distance from a straight line 
is a curve which may be called an equidistant-curve. The 
perpendiculars from the different points of this curve upon 
the base line are equal and may be called axes of the curve. 

An equidistant-curve fits upon itself when revolved through 
two right angles about one of its axes or when slid along upon 
itself. It has a constant curvature. 
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It caa be proved, exactly as in the case of two boundary- 
curves having the same set of axes, that arcs on an equidis¬ 
tant-curve are proportional to the segments cut off by the 
axes at their extremities on the base line or on any other 
equidistant-curve having the same set of axes. 

4. Theorem. The houndary-curve is a limiting curve between 
the circle and the equidistant-curve ; it may he regarded as a 
circle with infinitely large radius, or as an equidistant-curve 
whose base line is infinitely distant. 



Proof. Take a line of given length, AB = 2a say, making 
an angle, A , -with a fixed line, A C. Construct another angle at 
B equal to the angle A, and draw a perpendicular to AB at its 
middle point, D. 


If the angle at A is sufficien% small, we have an isosceles 
triangle with AB for base, and its vertex at a point, F, on A C. 
With F as centre, we can draw a circle through the points A 

graduaUy increase, the rest 
of the figure varying so as to keep the construction. F will 
move off mdefinitely, and when A = n(a) the three lines AF, 
BP, and BF will become parallel, and B will become a point 
on the boundary-curve AB', which has AC for axis 

On the other hand, if the angle at A were taken acute, but 
greater than n(a), we should have three lines, AE, BE, and 
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DF, perpendicular to a line, the base line of an equidis- 
tant-curye through the points A and B, Now let the angle A 
gradually decrease, the rest of the figure varying so as to pre¬ 
serve the construction. The quadrilateral ADFE, having three 
right angles and the fourth angle A decreasing, must increase 
in area. We get this same movement if we think of AD and 
DF remaining fixed in the plane while AE revolves about A, 
making the angle A decrease. Thus the only way in which 
the area of the quadrilateral can increase is for EH to move 
off along on AC and become more and more remote from A. 
When A becomes equal to n (a), BH and DF become parallel 
to AC, and B falls on the boundary-curve AB'. 

Calling the radius of a circle axis, we find that circles, 
boundary-curves, and equidistant-curves have many properties 
in common: 

The perpendicular erected at the middle point of any chord 
is an axis. In particular, a tangent is perpendicular to the axis 
drawn from its point of contact. These are curves cutting 
at right angles a system of lines through a point, a system 
of parallel lines, and the perpendiculars to a given line, 
respectively. 

Two of these curves having the same set of axes out off 
equal lengths on all these axes, and the ratio of corresponding 
arcs on two sucli curves is a constant depending only on the 
way in which they divide the axes. 

Three points determine one of these curves; that is, through 
any three points not in a straight line we can draw a curve 
which shall be either a circle, a boundary-curve, or an equi¬ 
distant-curve, and through any three points only one such 
curve can be drawn. Any triangle may be inscribed in one 
and only one of these curves. 

Each of these curves can be moved on itself or revolved about 
any axis through 180® into coincidence with itself. 
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he revolution of a boundary-curve about one of its 


axes. 


5. Theorem. My line parallel to the axis of a boundary- 
mrface may he regarded as axis. 



through C-, and thxo ^^7 

sides of the plane triWle twiddle points of the 

parallel to aI'. f 

perpendicular to the pLe AEC S' and 

the other p^els all pass through OO'STgT 
Since AA' is axis to the surfece, ££' and 
dicular to AC and AB. resTw«.G™i ^ perpen- 

to tie plane ABC at F. *it »fll^ii, ^“I ™ Weo'Uo'Jar 

OFF-. AB. being petpendicniar to ? “a!a 

^ to FK, IS perpen- 
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dicular to this plane, OFF\ and tlierefore to OF. In the same 
way we prove that AC is perpendicular to OE. Therefore, 
J5C is perpendicular to OD (Chap. I, I, 5). But OD is the 
intersection of the plane ABC with the plane ODD'. Hence, 
BC is perpendicular to this plane and to DD' (Chap. I, II, 16). 

DD' being parallel to BB' lies in the plane determined by 
BB' and BC, and in this plane only one perpendicular can be 
drawn to BC at its middle point. Therefore, if we pass any 
plane through BB' and from B draw a chord to any other 
point, C, of its intersection with the surface, the perpendicular 
in this plane to BC, erected at the middle point of BC, will 
be parallel to BB'. This proves that the section is a boundary- 
curve, having BB' for axis, and that the surface can be gener¬ 
ated by the revolution of such a boundary-curve around BB'. 

Therefore, BB' may be regarded as axis of the surface. 

A plane passed through an axis of a boundary-surface is 
called a principal plane. Every principal plane cuts the sur¬ 
face in a boundary-curve. Any other plane cuts the surface in 
a circle; for the surface may be regarded as a surface of revo¬ 
lution having for axis of revolution that axis which is peipyen- 
dicular to the plane. This perpendicular may be called the axis 
of the circle, and the point where it meets the surface, the pole 
of the circle. The pole of a circle on a boundary-surface is 
at the same distance from all the points of the circle, distance 
being measured along boundary-lines on the surface. 

Any two boundary-surfaces can be made to coincide, and a 
boundary-surface can be moved upon itself, any point to the 
position of any other point, and any boundary-curve through 
the first’ point to the position of any boundary-curve through 
the second point. We may say that a boundary-surface has 
a constant curvature, the same for all these surfaces. Figures 
on a boundary-surface can be moved about or put upon any 
other boundary-surface without altering their shape or size. 
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Zwe we Greometry on the boundary-surface. By 

by a princinal nl ^^-curve m which the surface is cut 
same as the H' ^ between two lines is the 

.hiehLtuhf^^^^^^^ Planes 

paSw'w.J"” "tt ae same ayetemol 

as the diedral afgles uHL ! 

lines are proportfonal by (2) Bu^we ’ ^ co^esponding 

on the same surface • thii ^ 

can have similar triaiglL Thus'*'' ^«^ary-surface we 
of a triangle without firing Iht the sides 

can do this indefinitely for tht 1 7 

on the two surfaces bJiL/ ^ 77 corresponding lines 

distance between them ^ function e- of the 

taJdng sufficiently la^gT H Zfl ^ 

boundary-siirfaee hpnn ssume that figures on the 

-hen Z >;ke Pl-e iig„«e 

triangle on this surfa/'e 7 ^ cm size, it follows that a 

of an infinitesimal plane7rSe^fo“°7’7'^ 

angles is two right angles and the' *^® 

“to tT’bi” f 
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An equidistant-surface is a surface generated by the revo¬ 
lution of an equidistant-curve about one of its axes. It is 
the locus of points at a given perpendicular distance from a 
plane. Any perpendicular to the plane may be regarded as 
an axis, and the surface is a surface cutting at right angles a 
system of lines perpendicular to the plane. The surface has 
a constant curvature, fitting upon itself in any position. 

III. TRIGONOMETRICAL FORMULAE 

1. Let ABC be a plane right triangle. Erect A A' perpen¬ 
dicular to its plane and draw and CC parallel to AA’. 
Draw a boundary-surface through A, having these lines for 
axes and forming the boundary-surface triangle AB"C". Also 
construct the spherical triangle about the point B. 



The angle A is the same in the plane triangle and in the 
boundary-surface triangle. The planes through A A' are per¬ 
pendicular to ABC. Hence, the spherical triangle has a right 
angle at the vertex which lies on c, and BC being perpendic¬ 
ular to CA is perpendicular to the plane of CC and AA'. 
Therefore, the plane BCC’ is perpendicular to the plane ACC", 
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and the diedral vhose edge is BC has for plane angle tlie 
angle ACC" = n(5). Since the boundary-surface triangle is 
right-angled at C", the angle B", or what is the same thing, the 
diedral whose edge is BB\ is the complement of the angle A. 

In the spherical triangle the side opposite the right angle 
is n(a), the two sides about the right angle are II (o) and B, 
and the opposite angles are n(J) and 90* — A. 

Applying to these quantities the trigonometrical formuhe 
for spherical right triangles, we get at once the relations that 
coimect the sides and angles of plane right triangles. 

Produce to quadrants the two sides about the angle whose 
value is the complement of A. We form in this way a spher¬ 
ical right triangle in which the side opposite the right angle 
is the complement of n (e), the two sides about the right angle 
are the complements of n (a) and n (b), and their opposite 
angles are the complements of B and A. From this triangle 
we deduce the following rule for passing from the formulae of 
spherical right triangles to those of plane triangles : 

Interchange the two angles (or the two sides') and every wh&rB 
"use the com/plementary function, talcing the correspondirtgf 
angle of paraUeUsm for the sides. 

The formulae for spherical right triangles are 


sin 

A 

_ sma 
sine 

sin 


sinJ 
sin c 

cos 

A 

__ tanZ^ 
tan c 

cos 


tana 

tane 

tan A 

_ tan a 
sin h 

tan 


tan b 
sin a 

sin 

A 

_ cos J? 



cos A 


cos 5 

sin 

B = 

COS a 


cos c — cos a cos b. 
cos c = cot A cot B. 
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!From these, by the rule given on the previous page, we 
derive the followiug formulae for plane right triangles : 


COS jB : 

_ cos n (a) 

COS^ 

_ cosn(6) 


cosn(c) 

cos n (c) 

sin jB : 

_cotn(i) 

sin-i 

_ cotn(a) 


” cot n (o) 

“ cotn(c) ’ 

cot.B = 

_ cot n (a) 

cot ^4 

_ cotn(Z.) 


cos n (6) 

cos 11(a) 

cos jB = 

_ sin Jl 


_ sin jB 


sin n (5) 

cos 

sin n (a) 


sin n (c) = 

sin n (a) sin 11 

(6). 


sin n (c) = tan A tan B.* 

We can obtain the formulae for oblique plane triangles by 
dropping a perpendicular from one vertex upon the opposite 
side, thus forming two right triangles. 


2. Take the relation 


sin n (a) 


sin B 
GOB A 


Let j?, y, and r be the sides of the triangle AB''C" of our 
last demonstration and p', q', and r the corresponding sides 


* We can arrange the parts of a right triangle so as to apply Napier’s 
rules; namely, the arrangement would be 

A 



00-1 
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of the triangle formed in the same way on a boundary-surface 
tangent to the plane AjBC at JB. 



cosA = ~- 
sinll(a)= ~ 

Now q and are corresponding arcs 
on two boundary-curyes which hare the 
same set of parallel lines as axes, and 
their distance apart, x, is the distance 
from a boundary-curve of the extremity 
of a tangent of arbitrary length, a. Thus, 
we have for corresponding arcs 

j = smn(a). 



3. To MN, a giveu straight line, erect a perpendicular at a 
point, 0, and on this perpendicular lay (sS.OA=y helov MN, 
and OB and BP each equal to x above MN, x and y being any 
arbitrary lengths. At P draw PR perpendicular to OP and 
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extending to'waxds the left, and through B draw EF m aking 
with OP an angle n (a:), and therefore parallel on one side to 
ON and on the other side to PR. Finally, draw AK and AH, 
the two parallels to EF through A. 



At the point A we have four angles of parallelism ; 
CAK=CAH = U(AC), 

OAK = Il(y), 

PAH = J1(7j + 2x). 

Therefore, n (y) = H {A C) + BA C, 

and n(y 4-2a;) = n(.-l(7)-J5AC. 


27ow in the right triangle ABC 

cos n (AC) 


cos n (y + x) ■■ 


cos BA C 


1 — cos n (y + a;) _ cos BA C — cos 11 {A C) 

1 4- cos n (y + a:) ~ cos BA C + cos II (A C) 

sin ^ rn U C) + BA Cl sin j fn (A C) - BACI 
~ cos I [n (A C) + BA C] cos I [H (A C) - BA C] ’ 
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■whence, 

tan® ^ n (2^ + a:) = tan I n (2/) tan ^ n (y + 2 a:). 

tan in (x) is then a function of x, say /(x), satisfying the 
condition 

[/(y + =/(y) /(y + 2 X), 

or /(y + jg) __ /(y + 2x) 

/(y) /(y + *) ' 

putting successively in this equation y + x, y + 2x, etc., 
for y, we may add 


_ /(y 4- 3 x) _ _ f(y + nx) 

/(y + 2x) ■■■ 

TT 

^(^) — 2 tan in (0) = 1; therefore, putting y = 0 in 
the first and last of all these fractions, -we have 

/(x) = -^^(^, 

/[(«-l)x] 

“ /(«^) = fi{n - 1)x]/(x). 

/(«x) = [/(a,)]'*. 

TT “ characteristic of the exponential function.* 

^x) an acute angle, tanin(x)< 1; therefore, Tve may 
= e-, so that/(x) = e-- ,, depends on the unit 

Since n(—aj)=7r—n(a:), 

tan|n(- cot^n(a5) = [tan^n(a;)]“i. 

That is^ for all real values of x 

ts-n n (xy = e""* 

* See footnote, p. 45, 
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1 — cos n (x) 
smn(x) 

* i stands for V- i. Tlie best way to get the relations between the 
exponential and trigonometrical functions is by their developments in 


COS X = 1 


x +| h -.. 

. . -1. 

X" , 

3 

X2 x^ 

..+(_l)n 

X2n 

23 + 

X® x^ 

■• + (-1)"; 

X2»»+1 


These series are convergent for all values of x. 
Putting ix for x, we have 

= 1 4- tx - ^ 4.... 


x2 X* 

'll ■'3 


■ + i(x 


l+g--)' 


j = cos X 4 - i sin x. 

Also e-= cos X — i sin x. 

cos X = i (e*» 4 

siiix = “i* (&‘x — 

2i 

Again, putting ix for x, we have 

= cos ix — i sin ix, 

6 ~® = cos ix' 4 i sin ix; 
and cos ix = 4 4 e-**), 

sin iic = — -I. (e*^ — 

2 i 

cos lx ~ 1 4 4 4 • • •« 

D I) 

8m/x=iu:(l + g + ^|+...). 

For real values of x, cos ix and . are real and positive, and vary 
from 1 to 00 as ® varies from 0 to oo. 

In the equation cos^ix + sin^ix = 1 , tlie tot term is real and positive 
for real values of x, the second term is real and negative; therefore, siuix 
is in absolute value less than cosix, and tan ix is in absolute value less 
than 1 . tan ix varies in absolute value from 0 to 1 as x varies from 0 to on. 
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Changing the* nigu of sc, we have 
1 4- coa n (a) 

«iii 11 (pc) ~ w — i sin i*, 
anti, adding and Hubtratiting, 

1 

8iu II (») ~ 

cot n (a:) = — i sin ix. 

Tlu» nature of the angle of parallelism is, therefore, expressed 
by the tMiuations 

sin n (x) ~ -i—, 

COS %x 

tan n(a:) = -r-^, 
sin tx 

,, , , tan ’ix 
COH II (x) = —:— 

% 

4. Suhstitnt.ing in the formulee of plane right triangles, we 
fmd that they r«*duce to those of spherical right triangles with 
i<t, ill, and if for «, />, and c, respectively. The formnlse of 
oblt(|ne triangb'S are obtained from those of right triangles 
in the Kam« way as on the sphere, and thus all the formula 
of Plane Trigonona^try are obtained from those of Spherical 
Trigonometry aiiuply by making this change. 

As fundamental formube for oblique triangles we write 

sin .t _sinB _ sin C 

sin ia sin id ~ sin ic 

c.ow h =s cos cos 4C + sin ii sin to cos A, 

COM .-1 = —• cos B cos C + sin B sin C cos ia. 

In the; notation of the Il-function, these are 

.sin -'I tan H (a) = sin B tan n (f)) = sin C tan IT (c). 
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sin n (b) sin IT (o) _ 
sin n (a) 

cos A = — 


— cos n (b) cos n (c) cos A, 


cos i? cos C + 


sin B sin C 
sin n (a) 


5. Since for very small values of x we have approximately 
sin ix = ixy 

cosix =14'—? 
tan ix = io!. 


our formulae for infinitesimal triangles reduce to 

sinj4 _ sinB _ sin C 
a h c 

z=z 1)^ 2ho cos A, 

cos .4 = — cos (B + C). 


6 . Triangles on an equidistant-surface are similar to their 
projections on the base plane; that is, they have the same 
angles and their sides are proportional. Thus the formulae 
of Plane Trigonometry hold for any equidistant-surface if 
with the letters representing the sides we put, besides i, a 
constant factor depending on the distance of the surface from 
the plane. 
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tlie hypothesis of the obtuse angle a straight line is 
of finite length and returns into itself. This length is the 
same for all lines, since any two lines can be made to coin¬ 
cide. Two straight lines always intersect, and two lines 
perpendicular to a third intersect at a point whose distance 
from the third on either line is half the entire length of a 
straight Ime. 



L A straight line does not dmde the plane. Starting from 
the point of interse^ion of tvo lines and passing along one of 
them a certain finite distance, we come to the intersection 
pomt again withont having crossed the other line. Thus, we 

can from one side of the line to the other without having 
cros^ it. ^ 

There is one point through which pass all the perpendiculars 

to a givoo Ime. It^ oailed tko pole o£ that line, »d the line 

^ of a stenght Ima, and the line ia the loena of points 
tiu distanoa from ,ts pole TheiefoR. it the pole of one 
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line lies on another, the pole of the second lies on the first, and 
the intersection of two lines is the pole of the line joining 
their poles. 

The locus of points at a given distance from a given line is 
a circle having its centre at the pole of the line. The straight 
line is a limiting form of a circle when the radius becomes 
equal to half the entire length of a line. 

We can draw three lines, each perpendicular to the other 
two, forming a trireetangular triangle. It is also a self-polar 
triangle; each vertex is the pole of the opposite side. 

2. All the perpendiculars to a plane in space meet at a 
point which is the pole of the plane. It is the centre of 
a system of spheres of which the plane is a limiting form 
when the radius becomes equal to half the entire length of a 
straight line. 

Figures on a plane can be projected from similar' figures on 
any sphere which has the pole of the plane for centre. That 
is, they have equal angles and corresponding sides in a con¬ 
stant ratio that depends only on the radius of the sphere. 
Two corresponding angles are equal, because they are the same 
as the diedral angles formed by the two'^lanes through the 
centre of the sphere which cut the sphere and the plane in 
the sides of the angles. Corresponding lines are proportional; 
for if two arcs on the sphere are equal, their projections on the 
plane are equal; and that, in general, two arcs have the same 
ratio as their projections on the plane is proved, first when 
they are commensurable, and by the method of limits when 
they are incommensurable. 

G-eometry on a plane is, therefore, like Spherical Geometry, 
but the plane corresponds to only half a sphere, just as the 
diameters of a sphere correspond to the points of half the 
surface. Indeed, the points and straight lines of a plane 
correspond exactly to the lines and planes through a point. 
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but we can. realize the correspondence better that compares 
the plane with the surface of a sphere. If we can imagine 
that the points on the boundary of a hemisphere at opposite 
extremities of diameters are coincident, the hemisphere will 
correspond to the elliptic plane. There is no particular line 
of the plane that plays the part of boundary. All lines of 
the plane are alike; the plane is unbounded, but not infinite 
in extent. 

The entire straight line corresponds to a semicircle. We 
will take such a unit for measuring length that the entire 
length of a line shall be tt ; the formulae of Spherical Trigo¬ 
nometry will then apply without change to our plane. Dis¬ 
tances on a line will then have the same measure as the angles 
which they subtend at the pole of the line, and the angle 
between two lines will be equal to the distance between their 
poles. The distance from any point to its polar, half the 
entire length of a straight line, may then be called a quadrant. 

We can form a self-polar tetraMron by taking three mutually 
perpendicular planes and the plane which has their intersec¬ 
tion for pole. The vertices of this tetraedron are the poles of 
the opposite faces. At each vertex is a trirectangular triedral, 
and each face is a trirectangular triangle. 

3. Theorem. All the planes perpendicular to a fixed line 
intersect in another fixed line^ called its polar or conjugate^ 
The relation is reciprocal^ and all the points of either line 
are at a quadrant % distance from all the points of the other. 

Proof. Let the two planes perpendicular to the line AB at 
H and K intersect m Cl). Pass a plane through AB and i?, 
an\ point of Cl). This plane will intersect the two giwen 
p anes in MR and KR. HR and KR are perpendicular to AB ; 
therefore, A is at a quadrants distance from H and K. R k 

en e po e of AB in the plane deternained by AB and jR, 
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and is at a quadrant’s distance from every point of A B. But 
R is any point of CD ; therefore, any point of either line is at 
a quadrant’s distance from each point of the other line, and a 
point -which is at a quadrant’s distance from one line lies in 



the other line. Again, any point, H, of AB, being at a quad¬ 
rant’s distance from all the points of CD, is the pole of CD in 
the plane determined by it and CD. Thus, HR and KR are 
both perpendicular to CD, and the plane determined by AB 
and R is perpendicular to CD. 

The opposite edges of a self-polar tetragdron are polar lines. 

All the lines which intersect a given line at right angles 
intersect its polar at right angles. Therefore, the distances 
of any point from two polar lines are measured on the same 
straight line and are together equal to a quadrant. Two 
points which are equidistant from one line are equidistant 
from its polar. 

The locus of points which are at a given distance from a 
fixed line is a surface of revolution having both this line and 
its polar as axes. We may call it a surface of double revolu¬ 
tion. The parallel circles about one axis axe meridian curves 
for the other axis. If a solid body, or, we may say, all space, 
move along a straight line without rotating about it, it will 
rotate about the conjugate line as an axis without sliding 
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along it. A motion along a straight line combined with a 
rotation about it is called a screw motion. A screw motion 
may then be described as a rotation about each of two con¬ 
jugate lines or as a sliding along each of two conjugate lines. 


^ 1 Theorem. In tie elliptic geometry there are lines not 
in the same plane which have an infinite number of common 
perp&ndievlars and are everywhere equidistant. 
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Suppose, when CD has revolved through an angle, B, BD 
becomes equal to p and takes the position BD'. The triangles 
ABC and D'BC are equal, having corresponding sides equal. 
Therefore, BD' is perpendicular to CD'. BD' is also perpen¬ 
dicular to BA ; for if we take the diedi-al A-BC-D' and place 
it upon itself so that the positions of B and C shall be inter¬ 
changed, A will fall on the position of D', and D' on the 
position of A, and the angle D'BA must equal the angle A CD'. 
Therefore, BD' as well as CA is a common perpendicular to 
the lines AB and CD'. 

Now at the point C we have a triedral whose three edges are 
CB, CD, and CD'. Moreover, the diedral along the edge CD 
is a right diedral; therefore, the three face angles of the 
triedral satisfy the same relations as do the three sides of a 
spherical right triangle; namely, 

cos BCD' = cos BCD cos DCD'. 


But BCD = ^ - A CB and BCD' = ABC. 

Hence, this relation may he written 

cos ABC sin ACB cos 6. 


Again, in the right triangle ABC 

. COB ABC 

sin -.‘1 CB -- 

cos/> 

cos 0 = cos^?, 

*Tr 

or, since 6 and p are less than ttj 
^ 2 

B = p. 


The angle B, therefore, does not depend upon a. If we take 
any two lines in a plane and turn one about their common 
perpendicular through an angle equal in measure to the length 
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ef tiiat perpendictilax, the two lines will then be everywhere 
^jnidisteint. 

As we have no parallel lines in the ordinary sense in this 
Geometry, the name jpourallel has been applied to lines of this 
kind. They have many properties of the parallel lines of 
Euclidean Geometry. 

Through any point two lines can be drawn parallel to a 
given line. These are of two kinds, sometimes distinguished 
as right-wound and left-wound. They lie entirely on a surface 
of double revolution, having the given line as axis. The sur¬ 
face therefore, a ruled surface and has on it two sets of 
r«5tilin^ generators like the hyperboloid of one sheet. 



CHAPTER IV 


ANTALYTIC NOK-^EUCLIDEAN GEOMETRY 

We shall use the ordinary polar coordinates, p and 6, and for 
the rectangular coordinates, x and y, of a point, we shall use 
the intercepts on the axes made by perpendiculars through the 
point to the axes. The formulae depend upon the trigonomet¬ 
rical relations, and in our two Geometries differ only in the 
use of the imaginary factor i with lengths of lines. 

I. HYPEKBOLIC ANALYTIC GEOMETKY 



1. The relations between polar and rectangular coordinates: 

The angles at the origin which the radius vector makes with 
the axes are complementary. From the two right triangles 
we have 

tan ix = cos d tan ip, 
tan iy = sin 9 tan ip, 
tan^ ip = tan^ ix + tan® iy, 


tan 6 


tan^y 
tan ix 
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Therefore, 
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2. The distance, 8, between two points : 

cos iS = cos ip cos ip^ + sin ip sin ip^ cos (O' — 6). 

8 and one of the points heing fixed, this may be regarded as 
the polar equation of a circle. 



3. The equation of a line: 

^ be the length of the perpendicular from the origin 
upon the line, and a the hngle which the perpendicular makes 
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with the axis of x. From the right triangle formed with this 
perpendicular and p we have 

tan ip cos ($ — a) == tan ip. 

This is the polar equation of the line. We get the equation 
in X and y by expanding and substituting; namely, 

cos a tan ix + sin a tan iy = tan ip. 

The equation a tan ix + b tan iy = i 


represents a line for which 

a^ + b^=: 


-1 

tan^i^ 


Now, for real values of p, — tan^t^ < 1 (see footnote, p. 69). 
The line is therefore real if a and b are real, and if 

> 1 . 



4. The distance, 8, of a point from a line: 

Let the radius vector to the point intersect the line at A, 
and let pi be the radius vector to A. We have two right 
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trianglBS with. e<i'ual angles at A, and from the expressions 
for the sines of these angles we get the equation 

sin iS _ sintjj 
sini(p —pi) sinipi 

This equation holds for all points, x y, of the plane, 8 being 
negative when the point is on the same side of the line as the 
origin, and zero when the point is on the line. 

sin iS =- ^ sin ip — sin ip cos tp> 

tan^p^ 

tan ip 

Now. tan ^ -r* 

sin ip = sin ip cos ip cos (6 — (x), 

tan ipi 

and sin t8 = cos ip cos ip [tan ip cos (0 — a) ■— tan ijp]. 

8 being fixed, this may be regarded as the polar equation of 
an equidistant-curve. 



5. The angle between two lines : 
being the angle which a line makes with the radius vector 
at any point, we have 



THE ANGLE BETWEEN TWO LINES 


73 


cos <l> = cos ijp sin (6 — a), 

sin ip 
sin <b = —“• 
sin 

For two lines intersecting at this point, 


sin <j>i sin <jf)2 


sin ipi sin 
sin^ ip 

sin ijpi sin + 


sin %pi sin ^jp2 


tan^ i/t) 


Now, from the equation of the line 


sin tpi . ,. . 

T—^ = cos ipi cos (9 —• ^i), 
tan ip ^ ^ ^ 

sin ip2 . /. . 

tan^p ^ ^ 


so that sin sin <;f>2 = sin sin ip^ 

+ cos ipi cos ip2 cos — qti) cos (6 ~ a^). 
Again, cos <jf)i cos <^2 = cos ipi cos ip2 sin (9 — ai) sin (tf — ora). 
Adding these equations, we have 

cos (<l>2 — <l>i) == sin ip I sin ip2 + cos ipx cos ^p2Cos (ag — ai). 
Two lines are perpendicular if 

cos (^2 — (Xx) + tan ipx tan ip2 = 0 . 

The lines a tan ix 4 - b tan = i, 

a' tan ia? + J' tan = i 
are perpendicular if aa' + bb^ = 1 . 


Again, 


The lines 


6. The equation of a circle in x and jr: 

sin ip cos 9 = cos ip tan ixy 
sin ip sin 9 = cos ip tan iy j 

.... .... 1 1 

also, cos %p —' . •— ' "v . . . . • 

Vl + tan^i/5 Vl + tan^ix + tan^iy 
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The equation of a circle may, therefore, be -written 
(1 4- tan® ia: + tan®iy) (1 + tan^ias' +• tan®iy') cos®iS 

= (1 + tan ix tan ix' + tan iy tan iy')®. 



7. The equation of a boundary-curve: 

Lrt the axis of the boundary-curve which passes through 
the origin make an angle, a, with the axis of x, and let the 
point where the boundary-curve cuts this axis be at a distance, 
Je, from the origin, positive if the origin is on the convex side 
of the curve, native if the origin is on the concave side of 
the curve. The boundary-curve is the limiting position of a 
circle whose centre, on this axis, moves off indefinitely. 

P being the radius vector to the centre, the radius of the 
circle is p aiid its equation may be-written 

cos 1 (p' - *) = cos ip cos ip' -f sin ip sin ip' cos {6 — a), 
or, expanding and dividing by cos ip', 

cos lk + \aJx^p•ml^k = (ioaip + sin ip tan ip' cos (tf — «). 
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Now, let p' increase indefinitely, tan ip' tends to the limit i, 
so that the limit of the first member of the equation is 

cos ik + i sin i/c, or e”"* 
and the polar equation of the curve is 

= cos ip [1 + i tan ip cos {6 — a)]; 
or, mxy coordinates, 

(1 + tan^ ix + tan^ iy) * 

= (1 + i cos a tan ix + i sin a taniy)®. 



Let k be negative and equal, say, to — 6, and let a: = 0 ; 
also, let a be the ordinate of the point A where the curve 
cuts the axis of y. 

Substituting in the equation, we find 

^ = cos ia. 

Through A draw a line parallel to the axis of x, and, there¬ 
fore, making an angle, n (a), with the axis of y. If we draw 
a boundary-curve through the origin having the same set of 
parallel lines for axes, so that the two boundary-curves cut 
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off a distance, b, on these axes, we know that the ratio of 
<»mspottding arcs is 


— = sin n (a ): 
s 


cos ia 


(See p. 66.) 


therefore, 



(See p. 45.) 


8. Tlie equation of an equidistant-curve: 

The polar equation of (4) reduced to an equation in a? and y 
takes the form 

(1 + tan^ ix + tan^ iy) sin^ iS 

= cos^ ip (cos a tan ix + sin a tan iy —• tan ipY. 

9. Comparison of the three equations : 

The equation 

(1 -f tan^ia; + twi^iy) = — a tania; — b tsxiiyy 

repres^Dtts a circle, a boundary-curve, or an equidistant-curve, 
according as a® + F< 1, = 1, > 1, respectively. 
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10. Diferential formulae: 

Suppose we have an isosceles triangle in which the angle A 
at the vertex diminishes indefinitely. In the formula 

sin A __ sin (7 
sin ia sin ic 

we may put for sin A, sinm, sinC; 

A, ia, 1 , 
rwi^tively. Therefore, 

(*■•) i<i== ainic^A. 
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Corollary. In ou circle of radius r, the ratio of any arc to the 
angle sultended at the centre is sin in. 



Again, in the right triangle ABC^ let the hypothennse c 
reyolve about the vertex A. Differentiating the equation 


sin A = 


cosJg 
cos ih 


where b is constant, we have 


cos AdA = — 


siuEdB 
cos ih 


^ ^ cosA. 

But sm B =-r-? 

cos %a 

. *. dB = cos ia cos ib dA, 
or (II.) dB = cos ic dA. 


Now, using polar coordinates, we have an infinitesimal right 
triangle whose hypothennse, d$, makes an angle, say <jf>, with 
the radius vector (see figure on page 78). The two sides about 

the right angle are dp and —V— dO ; 

% 

therefore, ds^ = dp"^ •— sih-^ ip 

sin ip dd 
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entiation along 


U. Area: 

It equals 


^ ^P sin 
dp d'p 


sin ip d'9’ 




We -will consider only tho »» i. 
the area to be computed and xirvf ^ origin is within 

the bounding curve once and 

J, <.'^ip-i)de, 

or r** 

®‘®¥<w -2 IT. 

* The unit of area bdna an nim. 
n.y he erpreaaed „ «.e 
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Suppose P and P' are two “consecutive” points on the 
curve, PM and P’M ' the tangents at these points, and <f> the 



angle wliich the tangent makes with the radius vector. The 
angle MP'M' indicates the amount of turning or rotation at 
these points as we go around the curve. 

Kow, by (11.), 

MP'M ' = d4> + cos ip M. 

Tt> going around the curve, ^ may vary but finally returns 
to its original value. jjThat is, for our curve 

^ d4> = 0 , 

and the amount of rotation is 

J cos ipd&- 

Hence, the area is equal to the excess over four right angles 
in the amount of rotation as we go around the curye. This 
theorem can be extended to any finite area. 

12 A system of cowdinatea: 

Our eouations take simple forms if we write for tan £r, 
iv for tsm iy, ir tan ip, and so on for all lengths of lines. 
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Thus, "we have + = 

The equation of a line is 

au -^hv = 1 , 

and the equation 

v^) = (1 - an - hvY 

represents a circle, a boundary-curve, or an equidistant-curve, 
according as + = 1 ^ respectively. 


n elliptic analytic GEOMETHY 

*^6 Elliptic Analytic G-eometry may be developed just as 
we have developed the Hyperbolic Analytic Geometry, and the 
onnute are the same vith the omission of the factor i. But 
onn are also very easily obtained from the relation 
e m po e, and -vre shall produce them in this way. 
anolied ^ ^31iptic Plane Analytic Geometry may be 

applied to a sphere in anvnfn„.+T....^_•>' 



^ ^ hetween TOlar 87is 

to. = to : 

tan2^ = sin<>tanp; 

’’Sto andes^Zi ® with three 

-■<> I «. », and r are mllf 

r^l«tesriiai 4.1. firr^ abovc, the five parts 

r n the EuelWean Geometry • relations of a 

+ sinv ' «■’ 
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therefore, tan.® p = tan® x + tan® y, 


taaoj 



2. The distance, 8, between two points: 

cos 8 = cos p cos + sin p sin p' cos (0' — 0), 

Tliis may be regarded as the polar equation of a circle of 

radixLS 8, p' and 6' being the polar coordinates of the centre. 

^NTow, sin p cos 5 = cos p tan aj, 

sin p sin d = cos p tan y •, 

1 1 1 
aiSO^ cos p = —-============: = .. 

Vl + tan^ p Vl -H tan^cc + tan^ y 

Tlio equation of a circle in rectangular coordinates may, there- 
foxo, be written 

(1 + tan® X + tan® y) (1 + tan® oj' + tan®y') cos® 8 

= (1 + tan X tan + tan y tan y')®. 

^ The line which has the origin for pole forms with the coordinate axes 
a tirfarectangular triangle, and as, y, and 6 may he regarded as representing 
thi© tlirections of the given point from its three vertices. 

Ou ** '^here, if we take as origin the pole of the equator, p and 0 are 
d longitude, x and y, one with its sign changed, are the 
. the point from two points 90 ° apart on the equator. 
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VPi... » - 2 - fte circle become, a sti-aight line. lor ,ii. 

We therefore, the equation 


tanaj 4- tan y tan // + i 
is the pole of the line, 
the equation 

c« («-«)= tan », 
co.«tor + ,h<,tanj, = tany, 

taa 5 c'=:__^sa^ 

tan^’ 
tany=:^ sina 


or 

Tve 


.eome^,, ,, 

-P + 2’ “• 

^jje equation ® tan* + & taay-f j _ q 
repre*"'" » »=1 vain., ^ 

T’his is i^® complement of tii* disfe,_„ , 


th® I 
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sin 8 = — cos p sin^ + sin p cosp cos (6 — a) 

= cos p cosp [tan p cos (9 — a) — tan^;]. 

5. The angle, between two lines: 

This is equal to the distance between their poles; therefore, 
cos <l> = sin^ sinjp' + cosj^ cos^' cos (a' — «:). 

The two lines a tan x + h tan t/ + 1 = 0, 

a' tan x + V tan y + 1 = 0 

are perpendicular if aa' + + 1 = 0. 



6. Differential formulae: 


The formula 


sin A ___ sin C 
sin a sin c 


becomes, when A diminishes indefinitely, 

(1.) a = sine-A. 

Corollary, hi a circle of radius r, the ratio of any arc to the 
angle subtended at the centre is sin r. 



From the right triangle AMO, if b remain fixed, we get, by 
differentiating the equation ^ 


cos B 
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(II.) COS 0 dA, 



Tlius, we have for differential formulae in polar coordinates 

= dp^ + sin* p dff^, 

tan^ = snip —> 

dp 

If ^ is constant, as in the logarithmic spiral of Euclidean Geometry, 
we can int^prate this equation; namely, 

tan^-^ = d^, 
sinp 

tan <t> log tan- = ^ 4. c, 

0 ^ 

or tan- = e*“<>. 

2 

C 0 

Writingfor this is tan^=c'ct^. 

On the sphere this is the curve calM the loxodrome. 
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and for two arcs cutting at right angles 
dp d'p . 


The formula for area is * 


J*J* smpdpdd. 

We integrate first with respect to p, and if the area contains 
the origin and each radius vector meets the curve once, and 
only once, our expression becomes 

J <»27r 

COS p dd. 

0 

The entire rotation in going around the curve is found as 
on page 79, and is 

J ^2ir 

cos p dO. 

0 


Thus the area is equal to the amount by which this rotation 
is less than four right angles. 

Tor example, the area of a circle of radius p is 2 tt (1 — cos p), 
and the amount of turning in going around it is 2 tt cosp. The 
area of the entire plane is 2 tt. 


7. A modified system of coordinates : 

Writing u for tan x, v for tan r for tan p, etc., we have 

The equation of a line then becomes 

XU + bV + ^ Oy 

and the equation of a circle 

(1 + w® + = (1 + au + hvy. 


* The tmit of area being properly chosen, 
t The footnote on page 80 applies here also. 
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TTT ELLIPTIC SOLID ANALYTIC GEOMETRY 

We Trill develop far enough to get the equation of the 
gurface of double revolution. 



1. Coordinates, lines, and planes : 

Draw three planes through the point perpendicular to the 
«es. For coordinates x, y, z, we take the intercepts whicit 
m%m plaaes make on ike axes. 

The lines of intention of these three planes are perpen- 
Ir 111 eoord^te planes (Chap. I, II, ig and 17); in 

those at P and the three angles BA'€, CB'A, and A C'B, which 

are obtesa angles. ^ wiinju. 

Let p be the radius vector to the'noint P a i 

the thtee angle, which it tcies with the thtk 

cos® a + C0S®)8 + COS®y = 1. 
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For the angle between two lines intersecting at the origin 
cos 9 = cos a cos a* + cos ^ cos + cos y cos y'. 

The angle subtended at the origin by the two points xyz 
and is given by the equation 

^ tancc tanaj'+ tan?/tan+ tan ;s5 tan; 2 ;' 

cos 6 =- ^ - 

tan p tan p' 

For the distance between two points 

cos S = cosp cos p' + sinp sin p' cos 6, 

TT 

This gives us the equation of a sphere, and for S = ^ the 
equation of a plane. The latter in rectangular coordinates is 
tan X tan + tan y tan y' 4* tan z tan «' + 1 = 0. 

Let jp be the length of the perpendicular from the origin 
upon the plane, and a, (3, y the angles which this perpendicular 
makes with the axes. Then we have for its pole 

p'=i> + 2’ 

COSo: 

tan cc'= tan p'COS a = — etc. ; 

hence, tlie equation of the plane may be written 

cos a tan x + cos ^ tan y + cos y tan z = tanp. 

2. The surface of double revolution: 

Take one of its axes for the axis of suppose k the distance 
of the suiface from this axis, and let 6 denote the angle -w^hich 
the plane through the point P and the axis of z makes with 
the plane of We may call» and 6 latitude and longitude. 

Produce OA and CB. Th^ will meet at a distance, from 

the axis of «in a point, O', on tlm other axis of the surface, and 
there form an angle that is equal in measure to ». 
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rrom the right triangle 0'A£ 


But 

and 

Therefore, 

or 

Similarly, 


tan 0'J5 

tanO'A =cota:, 

tan 0'£ = cotC£ = 

COS 

cos Z = ^ ^QS 

tanx ^ 

tan X = ! gP ^ cos 
cos« 

ta.Ti y - ^ sin (9 



cosS ®°®^®°®p'(l + tana:tana:'-f taji?/tn /r 

ITow, ^„_2 . +tan«tan«'). 

’ /’ = *an**sec** + tan»^. 

therefore, sp,»2 «, 

see p = sec^^ sec®*, 

cosp = cos A cos*. 


or 
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That is, in terms of z, z', $, and we hare 

cos S = cos® k cos («' — «) -|- sin® k cos (6' — $). 

From this we can get an expression for ds, the differential 
element of length on the surface: 

cos ds = cos® k cos dz + sin® k cos dO, 

<?s® 

or, since cos «& = 1 —etc., 

ds^ = cos^ k dz^ + sin^ k d6^. 

z and 6 are proportional to the distances measured along 
the two systems of circles. These circles cnt at right angles, 
and may be used to give us a system of rectangular coordinates 
on the surface. The actual lengths along these two systems of 
circles are 0sin>fc and zoosk (see Cor. p. 83). If, therefore, 
we write 

a = i9 sin fc, )8 = « cos fc, 

we shall have a rectangular system on the surface where the 
coordinates are the distances measured along these two systems 
of circles which cut at right angles. 

The formula now becomes 

ds^ = da^ + dji^ 

An equation of the first degree in a and represents a curve 
which enjoys on this surface all the properties of the straight 
line in the plane of the Euclidean Geometry. Through any 
two points one, and only one, such line can be drawn, because 
two sets of coordinates are just sufficient to determine the 
coefficients of an equation of the first degree. The shortest 
distance between two points on the surface is measured on 
such a line. For, the distance between two points on a path 
represented by an equation in a and ^ is the same as the dis¬ 
tance between the corresponding points and on the correspondr 
ing path in a Euclidean plane in which we take a and /? for 
rectangular cobrdinates. It must, therefore, be the shortest 
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■when the path is represented by an equation of the first degree 
in a and ; 8 . Such a line on a surface is called a geodesic line, 
or, so far as the surface is concerned, a straight line. The 
distance between any two points measured on one of these 
lines is expressed by the formula 

d = V(a-«')^ + (/S-)8y. 

Triangles formed of these lines have all the properties of 
plane triangles in the Euclidean Geometry; the sum of the 
angles is tt, etc. In fact this surface has the same relation 
to elliptic space that the boundary-surface has to hyperbolic 
space. 

The normal form of the equation of a line is 
a cos 0) -t- j 8 sin 0) = jp. 

The rectilinear generators of the surface make a constant 
angle, ± h, with all the circles drawn around the axis which 
is polar to the axis of a. These generators are then “ straight 
lines ” on the surface, and their equation takes the form 


a cos /r ± sin * = p. 




HISTORICAL NOTE 


The history of Non-Euclidean Geometry has been so well 
and so often written that we will give only a brief outline. 

There is one axiom of Euclid that is somewhat complicated 
in its expression and does not seem to be, like the rest^ a 
simple elementary fact. It is this: * 

If two lines are cut by a thirds and the sum of the interior 
angles on the same side of the cutting line is less than two 
right angles^ the lines will meet on that side when sufficiently 
produced. 

Attempts were made by many mathematicians, notably by 
Legendre, to give a proof of this proposition; that is, to show 
that it is a necessary consequence of the simpler axioms pre¬ 
ceding it. Legendre proved that the sum of the angles of a 
triangle can never exceed two right angles, and that if there 
is a single triangle in which this sum is equal to two right 
angles, the same is true of all triangles. This was, of course, 
on the supposition that a line is of infinite length. He could 
not, however, prove that there exists a triangle the sum of 
whose angles is two right angles.f 

At last some mathematicians began to loelieve that this state¬ 
ment was not capable of proof, that an equally consistent 

* See article ou the axioms of Euclid by Paul Tannery, Bulletin des 
Sciences MatMmatiques^ 1884. 

t See, for example, the twelfth edition of his EUments de Gdom^trie^ 
Livre I, Proposition XIX, and Note XI. See also a statement by Klein in 
an article on the Non-Euclidean Geometry in the second volume of the 
first series of the Bulletin des Sciences MatMmatiqiies, 

91 
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Geometry could be built up if we suppose it not always true, 
and, finally, that all of the postulates of Euclid were only 
hypotheses which our experience had led us to accept as 
true, but which could be replaced by contrary statements in 
the development of a logical Geometry. 

The beginnings of this theory have sometimes been ascribed 
to Gauss, but it is known now that a paper was written by 
Lambert,^ in 1766, in which he maintains that the parallel 
axiom needs proof, and gives some of the characteristics of 
Geometries in which this axiom does not hold. Even as long 
ago as 1733 a book was published by an Italian, Saccheri, in 
which he gives a complete system of Non-Euclidean Geometry, 
and then saves himself and his book by asserting dogmatically 
that these other hypotheses are false. It is his method of 
treatment that has been taken as the basis of the first chapter 
of this book.t 

Gauss was seeking to prove the axiom of parallels for many 
years, and he may have discovered some of the theorems which 
are consequences of the denial of this axiom, but he never 
published anything on the subject. 

Lobachevsky, in Russia, and Johann Bolyai, in Hungary, 
first asserted and proved that the axiom of parallels is not 
necessarily true. They were entirely independent of each 
other in their work, and each is entitled to the full credit of 
this discovery. Their results were published about 1830. 

It was a long time before these discoveries attracted much 
notice. Meanwhile, other lines of investigation were carried 
on which were afterwards to throw much light on our subject, 
not, indeed, as explanations, but by their striking analogies. 

Thus, within a year or two of each other, in the same 
journal (Crelle) appeared an article by Lobachevsky giving 

♦ See American Mathematical Monthly^ July-August, 1895. 

t The translation of Saccheri by Halsted has been appearing in the 
American Mathematical Monthly. 
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the results of his investigations, and a memoir by Minding on 
surfaces on which he found that the formulae of Spherical 
Trigonometry hold if we put ia for a, etc. Yet these two 
papers had been published thirty years before their connection 
was noticed (by Beltrami). 

Again, Cayley, in 1859, in the Philosophical Transactions, 
published his Sixth Memoir on Quanties, in which he developed 
a projective theory of measurement and showed how metrical 
properties can be treated as projective by considering the 
anharmonic relations of any figures with a certain special 
figure that he called the absolute. In 1872 Klein took up 
this theory and showed that it gave a perfect image of the 
Non-Euclidean Geometry. 

It has also been shown that we can get our ISTon-Euclidean 
Geometries if we think of a unit of measure varying according 
to a certain law as it moves about in a plane or in space. 

The older workers in these fields discovered only the 
Geometry in which the hypothesis of the acute angle is 
assumed. It did not occur to them to investigate the assump¬ 
tion that a line is of finite length. The Elliptic Geometry 
was left to be discovered by Riemann, who, in 1854, took up a 
study of the foixndations of Geometry. He studied it from 
a very different point of view, an abstract algebraic point of 
view, considering not our space and geometrical figures, except 
by way of illustration, but a system of variables. He investi¬ 
gated the question, What is the nature of a function of these 
variables which can be called element of length or distance ? 
and found that in the simplest cases it must be the square 
root of a quadratic function of the differentials of the varia¬ 
bles whose coefficients may themselves be functions of the 
variables. By taking different forms of the quadratic expres- 
.sions we get an infinite number of these different kinds of 
Geometry, but in most of them we lose the axiom that bodies 
may be moved about without changing their size or shape. 
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NON-EUCLIBEAN GEOMETRY 


Two more names should be included in this sketch, — Helm¬ 
holtz and Clifford. These did much to make the subject 
popular by articles in scientific journals. To Clifford we owe 
the theory of parallels in elliptic space, as explained on page 68. 
He showed that we can have in this G-eometry a finite surface 
on which the Euclidean Geometry holds true.* 

The chief lesson of Non-Euclidean Geometry is that the 
axioms of Geometry are only deductions from our experience, 
like the theories of physical science. For the mathematician, 
they are hypotheses whose truth or falsity does not concern 
him, but only the philosopher. He may take them in any form 
he pleases and on them build his Geometry, and the Geome¬ 
tries so obtained have their applications in other branches of 
mathematics. 

The ^^axiom,^^ so far as this word is applied to these geo¬ 
metrical propositions, is not self-evident,^^ and is not neces¬ 
sarily true. If a certain statement can be proved, — that is, if 
it is a necessary consequence of axioms already adopted, — then 
it should not be called an axiom. When two or more mutually 
contradictory statements are equally consistent with all the 
axioms that have already been accepted, then we are at liberty 
to take either of them, and the statement which we choose 

* Some of the more interesting accounts of Non-Euclidean Geometry 
are: Encyclopedia Britannica^ article “Measurement,” by Sir Robert Ball. 
Bevue G4n6rale des /Sciences, 1891, “Les G^omdtries Kon-Euclidean,” by 
Poincard. Bulletin of the American Mathematical Society^ May and June, 
1900, “Lobachevsky’s Geometry^’’' by Frederick S. Woods. Mathema- 
tische Annale% Bd. xlix, p. 149, 1897, and Bulletin des Sciences MatM- 
matiques^ 1897, “Letters of Gauss and Bolyai”; particularly interesting 
is one letter in which Gauss gives a formula for the area of a triangle on 
the hypothesis that we can draw three mutually parallel lines enclosing a 
finite area always the same. The last two articles refer to the publica¬ 
tions of Professors Engel and Stackel, which give in German a full history 
of the theory of parallels and the writings and lives of Lobachevsky and 
Bolyai. See also the translations by Prof. George Bruce Halsted of 
Lobachevsky and Bolyai and of an address by Professor Yasiliev. 



HISTORICAL NOTE 


96 


becomes for our Geometry an axiom. Our Geometry is a study 
of th.e consequences of this axiom. 

The assumptions which distinguish the three kinds of Geom¬ 
etry that we have been studying may be expressed in different 
forms. We may say that one or two or no parallels can he 
drawn through a point; or, that the sum of the angles of a 
triangle is equal to, less than, or greater than two right angles; 
or, that a straight line has two real points, one real point, or 
no real point at infinity; or, that in a plane we can have 
similar figures or we cannot have similar figures, and a straight 
line is of finite or infinite length, etc. But any of these forms 
determines the nature of the Geometry, and the others are 
deducible from it. 
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properties of centre of mass of material system, work, energy, gravitation, etc. Written with 
ail Maxwell’s original insights and clarity. Notes by E. Larmor. 17 diagrams. 178pp. 5% x 8 . 

S188 Paperbound $1.35 

THE ANALYSIS OF MATTER, Bertrand Russell. How do our senses concord with the neW 
physics? This volume covers such topics as logical analysis of physics, prerelativity physics, 
causality, scientific inference, physics and perception, special and general relativity, Weyl's 
theory, tensors, Invariants and their physical interpretation, periodicity and qualitative series. 
“The most thorough treatment of the subject that has yet been published," THE NATION. 
Introduction by L. E. Denonn. 422pp. 53/8 x 8 . T231 Paperbound $1.95 

SUBSTANCE AND FUNCTION, & EINSTEIN'S THEORY OF RELATIVITY, Ernst Cassirer. Two books 
bound as one. Cassirer establishes a philosophy of the exact sciences that takes into con¬ 
sideration newer developments in mathematics, and also shows historical connections. Partial 
contents: Aristotelian logic, Mill’s analysis, Helmholtz & Kronecker, Russell & cardinal num¬ 
bers, Euclidean vs. non-Euclidean geometry, Einstein’s relativity. Bibliography. Index, xxi -f 
465pp. 5% x 8 . T50 Paperbound $ 2.00 

PRINCIPLES OF MECHANICS, Heinrich Hertz. This last work by the great 19th century 
physicist is not only a classic, but of great interest in the logic of science. Creating a new 
system of mechanics based upon space, time, and mass, it returns to axiomatic analysis, 
to understanding of the formal or structural aspects of science, taking into account logic, 
observation, and a priori elements. Of great historical importance to Poincar 6 , Carnap, Ein¬ 
stein, Milne. A 20-page introduction by R. S. Cohen, Wesleyan University, analyzes the Impli¬ 
cations of Hertz’s thought and the logic of science. Bibliography. 13-page introduction by 
Helmholtz, xlii + 274pp. 5% x 8 . S316 Clothbound $3.50 

S317 Paperbound $1.85 

THE PHILOSOPHICAL WRITINGS OF PEIRCE, edited by Justus Buchler. (Formerly published as 
THE PHILOSOPHY OF PEIRCE.) This is a carefully balanced exposition of Peirce's complete 
system, written by Peirce himself. It covers such matters as scientific method, pure chance 
vs. law, symbolic logic, theory of signs, pragmatism, experiment, and other topics. Intro¬ 
duction by Justus Buchler, Columbia University, xvi -f* 368pp. 5% x 8 . 

T217 Paperbound $1.95 

ESSAYS IN EXPERIMENTAL LOGIC, John Dewey. This stimulating series of essays touches upon 
the relationship between inquiry and experience, dependence of knowledge upon thought, 
character of logic; judgments of practice, data and meanings, stimuli of thought, etc. Index, 
viii + 444pp. 5% x 8 . T73 Paperbound $1.95 


LANGUAGE, TRUTH AND LOGIC, A. Ayer. A clear introduction to the Vienna and Cambridge 
schools of Logical Positivism. It sets up specific tests by which you can evaluate validity of 
ideas, etc. Contents: Function of philosophy, elimination of metaphysics, nature of analysis, 
a prion, truth and probability, etc. 10th printing. “I should like to have written it myself,” 
Bertrand Russell. Index. 160pp. 5% x 8 . TIO Paperbound $1.25 


THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do ideas 
come from? What role does the unconscious play? Are ideas best developed by mathematical 
reasoning, word reasoning, visualization? What are the methods used by Einstein, Poincarfi, 
Galtori, Riemann? How can these techniques be applied by others? Hadamard, one of the 
world s leading mathematicians, discusses these and other questions, xiii -f 145pp. 5 % x 8 . 

T107 Paperbound $1.25 


FOUNDATIONS OF GEOMETTIY, Bertrand Russell. Analyzing basic problems in the overlap area 
between mathematics and philosophy, Nobel laureate Russell examines the nature of geo¬ 
metrical knowledge, the nature of geometry, and the application of geometry to space. 
It covers the history of non-Euclidean geometry, philosophic interpretations of geometry— 

SlSirSlf X interesting as the solution 

P™J>'em still current. New introduction by Prof. Morris 
Kline of N. Y. University, xii + 201pp. 5% x 8 . S232 Clothbound $3.25 

S233 Paperbound $1.60 



BIBLIOGRAPHIES 


GUtDE TO THE LITERATURE OF MATHEMATICS AND PHYSICS, N. G. Parke III. Over 5000 entries 

included under approximately 120 major subject headings, of selected most important books, 
monographs, periodicals, articles in English, plus important works in German, French, 
Italian, Spanish, Russian (many recently available works). Covers every branch of physics, 
math, related engineering. Includes author, title, edition, publisher, place, date, number of 
volumes, number of pages. A 40-page Introduction on the basic problems of research and 
study provides useful information on the organization and use of libraries, the psychology 
of learning, etc. This reference work will save you hours of tinne. 2nd revised edition. 
Indices of authors, subjects. 464pp. 5% x 8. S447 Paperbound $2.49 

THE STOOY OF THE HISTORY OF MATHEMATICS & THE STUDY OF THE HISTORY OF SCIENCE, 
George Sarton. Scientific method & philosophy in 2 scholarly fields. Defines duty of historian 
of math., provides especially useful bibliography with best available biographies of modern 
mathematicians, editions of their collected works, correspondence. Observes combination 
of history & science, will aid scholar In understanding science today. Bibliography Includes 
best known treatises on historical methods. 200-item‘ critically evaluated bibliography. 
Index. 10 illustrations. 2 volumes bound as one. 113pp. + 75pp. 5% x 8. 

T240 Paperbound $1.25 


MATHEMATICAL PUZZLES 


AMUSEMENTS IN MATHEMATICS, Henry Ernest Dudeney. The foremost British originator of 
mathematical puzzles is always intriguing, witty, and paradoxical In this classic, one of the 
largest collections of mathematical amusements. More than 430 puzzles, problems, and 
paradoxes. Mazes and games, problems on number manipulation, unicursal and other route 
problems, puzzles on measuring, weighing, packing, age, kinship, chessboards, Joiners', 
crossing river, plane figure dissection, and many others. Solutions. More than 450 Illustra¬ 
tions. vii 4- 258pp. 5^ X 8 . T473 Paperbound $1.25 


THE CANTERBURY PUZZLES, Henry Ernest Dudeney. Chaucer’s pilgrims set one another prob¬ 
lems in story form. Also Adventures of the Puzzle Club, the Strange Escape of the King's 
Jester, the Monks of RIddlewell, the Squire’s Christmas Puzzle Party, and others. All puzzles 
are original, based on dissecting plane figures, arithmetic, algebra, elementary calculus, and 
other branches of mathematics, and purely logical ingenuity. "The limit of Ingenuity and 
intricacy . . .” The Observer. Over 110 puzzles. Full solutions. 150 illustrations, vlil -f- 225pp, 
5% X 8 . T474 Paperbound $1.25 


SYMBOLIC LOGIC and THE GAME OF LOGIC, Lewis Carroll. "Symbolic Logic" Is not concerned 
with modern symbolic logic, but is Instead a collection of over 380 problems posed with 
charm and imagination, using the syilogism, and a fascinating diagrammatic method of draw¬ 
ing conclusions. In "The Game of Logic," Carroll's whimsical imagination devises a logical 
game played with 2 diagrams and counters (included) to manipulate hundreds of tricky syl¬ 
logisms. The final section, "Hit or Miss" Is a lagnlappe of 101 additional puzzles In the 
delightful Carroll manner. Until this reprint edition, both of these books were rarities cost¬ 
ing up to $15 each. Symbolic Logic; Index, xxxl 4- 199pp. The Game of Logic: 96pp. Two 
voTs. bound as one. 5^ x 8. T492 Paperbound $1.50 


PILLOW PROBLEMS and A TANGLED TALE, Lewis Carroll. One of the rarest of all Carroll's 
works, "Pillow Problems" contains 72 original math puzzles, all typically ingenious. Partic¬ 
ularly fascinating are Carroll’s answers which remain exactly as he thought them out, 
reflecting his actual mental processes. The problems In "A Tangled Tale" are In story form, 
originally appearing as a monthly magazine serial. Carroll not only gives the solutions, but 
uses ansvyers sent in by readers to discuss wrong approaches and misleading paths, and 
grades them for Insight. Both of these books were rarities until this edition, "Pillow Prob¬ 
lems" costing up to $25, and "A Tangled Tale" $15. Pillow Problems: Preface and Introduc¬ 
tion by Lewis Carrol), xx 4- 109pp. A Tangled Tale: 6 Illustrations. 152pp. Two vols. bound 
as one. 5% x 8. T493 Paperbound $1.50 

DIVERSIONS AND DIGRESSIONS OF LEWIS CARROU. A major new treasure for Carroll fansl 
Rare privately published puzzles, mathematical amusements and recreations, games. Includes 
the fragmentary Part III of ‘Xurlosa Mathematlca." Also contains humorous and satirical 
pieces: "The New Belfry," "The Vision of the Three T’s," and much more. New 32-page 
supplement of rare photographs taken by Carroll. Formerly titled "The Lewis Carroll Picture 
Rook." Fditfiri hv s v * - 



THE BOOK OF MODERN PUZZLES, G. L. Kaufman. More than 150 word puzzles, logic puzzles. 
No warmed-over fare but all new material based on same appeals that make crosswords 
and deduction puzzles popular, but with different principles, techniques. Two-minute tpsers, 
involved word-labyrinths, design and pattern puzzles, puzzles calling for logic and observa¬ 
tion, puzzles testing ability to apply general knowledge to peculiar situations, ni^ny o^ei^ 
Answers to ail problems. 116 illustrations. 192pp. 53/8 x 8. T143 Paperbound $1.00 


NEW WORD PUZZLES, Gerald L. Kaufman. Contains lOO brand new challenging puzzles based 
on words and their combinations, never published before in any form. Most are new types 
invented by the author—for beginners or experts. Chess word puzzles, addle letter anagrams, 
double word squares, double horizontals, alphagram puzzles, dual acrostigrams, Iin^kogranj 
lapwords—plus 8 other brand new types, all with solutions included. 196 figures. 100 brand 
new puzzles, vi + 122pp. 5% x 8. T344 Paperbound $1.00 


MATHEMATICAL RECREATIONS 


MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Card tricks, feats of mental mathe¬ 
matics, stage mind-reading, other “magic" explained as applications of probability, sets, 
theory of numbers, topology, various branches of mathematics. Creative examination of laws 
and their applications with scores of new tricks and insights. 115 sections discuss tricks 
wtih cards, dice, coins; geometrical vanishing tricks, dozens of others. No sleight of hand 
needed; mathematics guarantees success. 115 illustrations, xli ■+• 174pp. 5% x 8. 

T335 Paperbound $1.00 

MATHEMATICAL EXCURSIONS, Helen A. Merrill. Fun, recreation, insights into elementary 
problem-solving. A mathematical expert guides you along by-paihs not generally travelled 
in elementary math courses—how to divide by inspection, Russian peasant system of 
multiplication; memory systems for pi; building odd and even magic squares; dyadic 
systems; facts about 37; square roots by geometry; Tchebichev’s machine; drawing five-sided 
figures; dozens more. Solutions to more difficult ones. 50 illustrations. 145pp. 5% x 8. 

T350 Paperbound $1.00 


CRYPTOGRAPHY, L. D. Smith. Excellent elementary introduction to enciphering, deciphering 
secret writing. Explains transposition, substitution ciphers; codes; solutions. Geometrical 
patterns, route transcription, columnar transposition, other methods. Mixed cipher systems; 
single-alphabet, polyalphabetical substitution; mechanical devices; Vigenere system, etc. 
Enciphering Japanese; explanation of Baconian Biliterai cipher; frequency tabies. More than 
150 problems provide practical application. Bibliography. Index. 164pp. 5% x 8. 

T247 Paperbound $1.00 


CRYPTANALYSIS, Helen F. Gaines. (Formerly ELEMENTARY CRYPTANALYSIS.) A standard ele¬ 
mentary and intermediate text for serious students. It does not confine itself to old material, 
but contains much that is not generally known, except to experts. Concealment, Transposi¬ 
tion, Substitution ciphers; Vigenere, KasIskI, Playfair, multafid, dozens of other techniques. 
Appendix with sequence charts, letter frequencies In English, 5 other languages, English 
word frequencies. Bibliography. 167 codes. New to this edition: solution to codes, vj -f- 
230pp. 5% X 8. T97 Paperbound $1.95 


MAGIC SQUARES AND CUBES, W. $. Andrews. Only book-length treatment in English, a thor¬ 
ough non-technlcal description and analysis. Here are nasik, overlapping, pandiagonal, ser¬ 
rated squares; magic circles, cubes, spheres, rhombuses. Try your hand at 4-aimenslonai 
magical figures! Much unusual folklore and tradition Included. High school algebra is suffi¬ 
cient. 754 diagrams and illustrations, vili -)- 419pp. 5% x 8. T658 Paperbound $1,85 


PAPER folding for beginners, W. D. Murray and F. J. Rigney. A delightful introduction to 
entertaining Japanese art of origami (paper folding), with a full crystal-clear 
text that anticipates every difficulty; over 275 clearly labeled diagrams of all important 
stages in creation. You get results at each stage, since complex figures are logically devel¬ 
oped from simpler ones. 43 different pieces are explained: place mats, drinking cups, bonbon 
boxes, sailboats, frogs, roosters, etc. 6 photographic plates. 279 diagrams. 95pp. 5% x 8%. 

T713 Paperbound $1.00 


CHESS, CHECKERS, GAMES, GO 


A TREASURY OF CHESS LORE, edited by Fred Reinfeld. A delichtful mllprtinn nf 
short stories, aphorisms by and about the masters, poems, accounts of garSes^an^touma^ 
ments, photographs. Hundreds of humorous, pithy, satirical, wise, and historical eol sod el 
comments, and word portraits. A fascinating “must" for chess p ayers; revealing and oar- 
haps seductive to those who wonder what their friends see in the game 49 photoKraDhs^fl4 
full page plates). 12 diagrams, xi + 306pp. 5% x 8. T458 Paperbound ll.« 
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Championship, 1927 Shows his great powers of analy™s ^ he annotaterth’ese earaef 
giving strategy, technique against Alekhine, Capablanca, Euwe, Keres Reshevskv Smvsiov* 
Vidmar, many others. Discusses his career, methods of play, system of training 6 studies 
of endgame positions. 221 diagrams. 272pp. 5% x 8. 16^ pTperbound^ 

MASTERPIECES, Selected and annotated by H. Kmoch. Thoroughgoing 
mastery of opening, middle game; faultless technique in endgame, particularly rook^ anri 


TARRASCH'S BEST GAMES OF CHESS, selected & annotated by Fred Reinfeid First definitivp 

e d1*g°"heok?S'clalsilil®ch\«'^^^^^^^ Inte’^n/tfonal trname!ite,‘'lSd'*th 

t ■'u ^ chess. 183 games cover 50 years of play against Mason Mipsps 
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MARSHALL S BEST GAMES OF CHESS, F, J. Marshall. Grandmaster u ^ rhamninri fnr 07 
hv^'^hinJlpif magnificent collection of 140 of best games, annotated 

prikhmrv^ Ptr Capablanca, Alekhine, Emanuel Lasker, Janowski, Rubinstein 

section analyzes openings such as King's Gambit, Ruy Lopez Alekhine's 
Defence, Giuoco Pjano, others, A study of Marshall's brilliant “swindles " slashing attacks 
extraordinary sacrifices, will rapidly improve your game. Formerly “My Fifty ^Years of 
Chess." Introduction. 19 diagrams. 13 photos. 250pp. 5% x 8 . ' "'\604 Paperbound |l.35 

THE ENJOY^MENT OF CHESS PROBLEMS, K. S. Howard. A classic treatise on this minor art bv 
an internationally recognized authority that' gives a basic knowledge of terms and themes for 

§SfuTo'n“s'"\i?i°"i'''2“irp"p.°|l|'^ ^'’‘'*T724Tp'a&d S 

CHESS PROBLEMS, K. S. Howard. Full of practical suggestions for the fan or 
Inri know the moves of the chessmen. Contains preliminary section 

three-move, pd 8 four-move problems composed by 27 outstanding Ameri- 
years. Explanation of all terms and exhaustive Index 
'^st what IS wanted for the student/' Brian Warley. 112 problems, solutions 5i + l7ipS’ 

T748 Paperbound ?l.od 

MASTERSHIP, Edward Lasker. Complete, lucid Instructions 
for the beginner™-and valuable suggestions for the advanced player! For both games the 
presents fundamentals, elementary tactics, and steps toward becom- 
ing a superior concentrates on general principles rather than a mass of rules 

Historical introduction. 118 djur^ams. xiv -f I67pp! 

WIN AT CHECKERS, M. Hopper. (Formerly CHECKERS). The former World's Unrestricted Checker 
Champion discusses the principles of the game, expert's shots and traps, problems for the 
beginner, standard openings, locating your best move, the end game, opening “blitzkrieg*' 

behind your opponent, etc. More than^lOO detailed 
questions and answers anticipate your problems. Appendix. 75 problems with solutions and 
diagrams. Index. 79 figures, xi + I07pp. 53/fe x 8. ^ T363 Paperbo^^^^^^^ 

GAMES ANCIENT AND ORIENTAL, AND HOW TO PLAY THEM, E. Falkener. A connoisseur's selec¬ 
tion of exciting and different garnes; Oriental varieties of chess, with unusual pieces and 
moves (including Japanese shogi ; the original pachisi; go; reconstructions of lost ^omn aSd 
Egyptian games; and many more. Full rules and sample games. Novv p ay at home thrM^es 
ElO" ® but for millennia, 345 illustration! and 



GO AND GO-MOKU: THE ORIENTAL BOARD GAMES, Edward Lasker. Best introduction to Go 
and its easier sister-game, Go-Moku—games new to Western world, but ancient in China, 
Japan. Extensively revised work by famed chess master Lasker, Go-player for over 50 years, 
stresses theory rather than brute memory, presents step-by-step explanation of strategy, 
gives examples of world championship matches, in game which has replaced chess as 
favorite of many physicists, mathematicians. 72 diagrams, xix + 215 pp. 5% x 8. 

T613 Paperbound $1.45 


FICTION 


FLATLAND, E. A. Abbott. A science-fiction classic of life in a 2-dimensional world that Is also 
a first-rate introduction to such aspects of modern science as relativity and hyperspace. 
Political, moral, satirical, and humorous overtones have made FLATLAND fascinating reading 
for thousands. 7th edition. New introduction by Bariesh Hoffmann. 16 illustrations. 128pp. 
5% X 8. T1 Paperbound $1.00 


THE WONDERFUL WIZARD OF OZ, L. F. Baum. Only edition in print with aN the original W. W. 
Denslow illustrations in full color—as much a part of “The Wizard" as TenniePs drawings 
are of “Alice in Wonderland." “The Wizard” is still America’s best-loved fairy tale, in 
which, as the author expresses it, “The wonderment and joy are retained and the heartaches 
and nightmares left out." Now today’s young readers can enjoy every word and wonderful 
picture of the original book. New introduction by Martin Gardner. A Baum bibliography. 23 
full-page color plates, viii -f 268pp. 5% x 8. T691 Paperbound $1.45 


XSS marvelous land of OZ, L. F. Baum. This is the equally enchanting sequel to the 
“Wizard,” continuing the adventures of the Scarecrow and the Tin Woodman. The hero this 
time IS a little boy named Tip, and all the delightful Oz magic is still present. This is the 
book with the Animated Saw^hprse, the Woggle-Bug, and Jack Pumpkinhead. All the original 
John R. Neill illustrations, 16 in full color. 287pp. 53/b x 8. T692 Paperbound $1.45 

FIVE GREAT DOG NOVELS, ed^ited by Blanche Cirker. The complete original texts of five classic 
wfth lit thrilled millions of children and adults throughout the 

'oya ty, adventure, and courage. Full texts of Jack London’s “The Call 
?! i Friends"; Alfred Ollivant’s “Bob, Son of Battle" 

IlfFlandcrs." 21 Illustrations frorri 
the original editions. 495pp. 5^/k x 8. T777 Paperbound $1.50 

3 ADVpTURE NOVELS by H. Rider Haggard. Complete texts of “She," “King Solomon’s 
whtt «'T»'^0''tality; search for prlmi- 

pvritiJf aTwtSi by civilization, have kept these novels of African adventure 

exciting, alive to readers from R. L. Stevenson to George Orwell. 636pp. 5% x 8. 

T584 Paperbound $2.00 


The Space Novels of Jules Verne 

th. '“1“ ''erne. Complete texts of two of 

thlf I H'erature display the high 

adventure that have kept Verne s novels read for nearly a century Onlv 
unabridged edition of the best translation, by Edward Roth Larce^'easllv 
readable type. 50 Illustrations selected from first editions %2pp.®^5%®x 8! 

T634 Paperbound $1.75 

FROM THE EARTH TO THE MOON and ALL AROUND THE MOON Jules Verne 
^ 0^ ^0 9^ Verne’s most successful novels In 'finest Edward 

Roth translations, now available after many years out of print Verne’s visions 

1633 Paperbound $1.75 


THE CASTING AWAY OF MRS. LECKS AND MRS ai ccuiuir e n •.. 
novel by Frank Stockton, one of America’s finestA charming light 
Tiger?"). This book has made millions ^f ASaSr^^^^^^^ author of “The Lady, or fhe 
two middle-aged American women Involved ^n some of themselves In 

^00'. as they endure Shipwreck deL?t 



GESTA ROMANORUM, trans. by Charles Swan, ed. by Wynnard Hooper. 181 tales of Greeks, 
Romans, Britons, Biblical characters, comprise one of greatest medieval story collections, 
source plots for writers including Shakespeare, Chaucer, Gower, etc. Imaginative tales of 
wars, incest, thwarted love, magic, fantasy, allegory, humor, tell about kings, prostitutes, 
philosophers, fair damsels, knights, Noah, pirates, all walks and stations of life. Introduc¬ 
tion. Notes. 500pp. 5% x 8. T535 Paperbound $1.85 

THREE PROPHETIC NOVELS BY H. G. WELLS, edited by E. F. Bleiler. Complete texts of 
“When the Sleeper Wakes*' (1st book printing in 50 years), “A Story of the Days to Come,*' 
“The Time Machine" (1st complete printing in book form). Exciting adventures in the 
future are as enjoyable today as 50 years ago when first printed. Predict TV, movies, 
intercontinental airplanes, prefabricated houses, air-conditioned cities, etc. First important 
author to foresee problems of mind control, technological dictatorships. “Absolute best of 
imaginative fiction,’* N. Y. Times. Introduction, 335pp. S^/s x 8. T605 Paperbound $1.45 

SEVEN SCIENCE FICTION NOVELS, H. G. Wells. Full unabridged texts of 7 science-fiction 
novels of the master. Ranging from biology, physics, chemistry, astronomy to sociology and 
other studies, Mr. Wells extrapolates whole worlds of strange and intriguing character. 
“One will have to go far to match this for entertainment, excitement, and sheer pleas¬ 
ure .. . NEW YORK TIMES. Contents: The Time Machine, The Island of Dr. Moreau, 
First Men in the Moon, The Invisible Man, The War of the Worlds, The Food of the 
Gods, In the Days of the Comet. 1015pp. 53/8 x 8. T264 Clothbound $3.95 

28 SCIENCE FICTION STORIES OF H. G. WELLS. Two full unabridged novels, MEN LIKE GODS 
and STAR BEGOTTEN, plus 26 short stories by the master science-fiction writer of all time. 
Stories of space, time, invention, exploration, future adventure—an indispensable part of 
the library of everyone interested in science and adventure. PARTIAL CONTENTS; Men Like 
Gods, The Country of the Blind, In the Abyss, The Crystal Egg, The Man Who Could Work 
Miracles, A Story of the Days to Come, The Valley of Spiders, and 21 more! 928pp. 53/8 x 8. 

T265 Clothbound $3.95 

DAVID HARUM, E. N. Westcott. This novel of one of the most lovable, humorous characters 
in American literature is a prime example of regional humor. It continues to delight people 
who like their humor dry, their characters quaint, and their plots ingenuous. First book 
edition to contain complete novel plus chapter found after author's death. Illustrations from 
first Illustrated edition. 192pp. 53/8 x 8. T580 Paperbound $1.15 


HUMOR 


THE WIT AND HUMOR OF OSCAR WILDE, ed. by Alvin Redman. Wilde at his most brilliant, 
In 1000 epigrams exposing weaknesses and hypocrisies of “civilized” society. Divided into 
49 categories—sin, wealth, women, America, etc.—to aid writers, speakers. Includes ex¬ 
cerpts from his trials, books, plays, criticism. Formerly “The Epigrams of Oscar Wilde.” 
Introduction by Vyvyan Holland, Wilde’s only living son. Introductory essay by editor. 
260pp. 5% X 8. T602 Paperbound $1.00 

A NONSENSE ANTHOLOGY, collected by Carolyn Wells. 245 of the best nonsense verses ever 
written, including nonsense puns, absurd arguments, mock epics and sagas, nonsense ballads, 
odes, “sick” verses, dog-Latin verses, French nonsense verses, songs. By Edward Lear, 
Lewis Carroll, Gelett Burgess, W. S. Gilbert, Hilaire Belloc, Peter Newell, Oliver Herford, etc., 
83 writers in all plus over four score anonymous nonsense verses. A special section of 
limericks, plus famous nonsense such as Carroll's “Jabberwocky" and Lear’s “The Jumblies” 
and much excellent verse virtually Impossible to locate elsewhere. For 50 years considered 
the best anthology available. Index of first lines specially prepared for this edition. 
Introduction by Carolyn Wells. 3 indexes: Title, Author, First lines, xxxiil -P 279pp. 5% x 8. 

T499 Paperbound $1.25 

THE BAD CHILD’S BOOK OF BEASTS, MORE BEASTS FOR WORSE CHILDREN, and A MORAL 
ALPHABET, H. Belloc. Hardly an anthology of humorous verse has appeared in the last 50 
years without at least a couple of these famous nonsense verses. But one must see the 
entire volumes—with all the delightful original illustrations by Sir Basil Blackwood—to 
appreciate fully Belloc's charming and witty verses that play so subacidly on the platitudes 
of life and morals that beset his day—and ours. A great humor classic. Three books in one. 
Total of 157pp. 5% X 8. T749 Paperbound $1.00 

THE DEVIL’S DICTIONARY, Ambrose Bierce. Sardonic and irreverent barbs puncturing the 
pomposities and absurdities of American politics, business, religion, literature, and arts, 
by the country’s greatest satirist In the classic tradition. Epigrammatic as Shaw, piercing 
as Swift, American as Mark Twain, Will Rogers, and Fred Allen. Bierce will always remain 
the favorite of a small coterie of enthusiasts, and of writers and speakers whom he supplies 
with “some of the most gorgeous witticisms of the English language.” (H. L. Mencken) 
Over 1000 entries in alphabetical ord<»r. i44nn, ^ ft T^fl? p- n rhnimH ••i nn 




THE PURPLE COW AND OTHER NONSENSE, Gelett Burgess. The best of Burgess's early non¬ 
sense, selected from the first edition of the "Burgess Nonsense Book." Contains many of 
his most unusual and highly original pieces: 37 nonsense quatrains, the Poems of 
Patagonia, Alphabet of Famous Goops, ana the other hilarious (and rare) adult nonsense 
that places him in the forefront of American humorists. All pieces are accompanied by the 
original Burgess illustrations. 123 illustrations, xiii + 113pp. Sys x 8. 

T772 Paperbound |1.00 


THE HUMOROUS VERSE OF LEWIS CARROLL. Almost every poem Carroll ever wrote, the 
largest collection ever published, Including much never published elsewhere: 150 parodies, 
burlesques, riddles, ballads, acrostics, etc., with 130 original illustrations by Tenniel, 
Carroll, and others. "Addicts will be grateful . . . there is nothing for the faithful to do 
but sit down and fall to the banquet,” N. Y. Times. Index to first lines, xiv -f 446pp, 5x8. 

T654 Paperbound $1.85 

DIVERSIONS AND DIGRESSIONS OF LEWIS CARROLL. A major new treasure for Carroll fans! 
Rare privately published humor, fantasy, puzzles, and games by Carroll at his whimsical 
best, with a new vein of frank satire. Includes many new mathematical amusements and 
^creations, among them the fragmentary Part III of "Curiosa Mathematica." Contains "The 
Rectory Umbrella,” “The New Belfry,” "The Vision of the Three T’s,” and much more. New 
32-page supplement of rare photographs taken by Carroll, x + 375pp. 53^ x 8. 

T732 Paperbound $1.50 

THE COMPLETE NONSENSE OF EDWARD LEAR. This is the only complete edition of this master 
2 popular price. A BOOK OF NONSENSE, NONSENSE SONGS, 
MORE NONSENSE SONGS AND STORIES in their entirety with all the old favorites that have 
delighted children and adults for years. The Dong With A Luminous Nose, The Jumblies, The 
Owl and the Pussycat, and hundreds of other bits of wonderful nonsense. 214 limericks, 3 sets 
^ Nonsense Alphabets. 546 drawings by Lear himself, and much more. 
320pp. 5% X 8. T167 Paperbound $1.00 

Jniumpc Peck. The complete edition, containing both 

n?in?c American humor books. The endless ingenious 

Hennery on his pa and the grocery man, the outraged pomposity 
wlr?’ininstitutions, are as entertaining today as they 
P®'! sophistications or subtleties, but rather humor vigorous, raw, earthy, 
I/?in?h?i ^ sadistic. This peculiarly fascinating book is also 

nJiofrfaf in?ie+^* American culture as a portrait of an age. 100 

original illustrations by True Williams. Introduction by E. F. Bleiler. 347pp. 5% x 8. 

T497 Paperbound $1,35 

T533 Paperbound $1,00 

SSr" ''?heTwHr “"NCHAUSEN. R. E. Raspe, 

the deeds of the Prince' of Liars exactly^as RasM reestablish 

l^'o“"are“rS’of”rhe°L'n';s^;n,s'rr!?Jl^^ 

J. Carswell. Bibliography of early edition’s, xliv + '"*'r698'‘f?ape?bound ^ 

HOW TO TELL THE BIRDS FROM THE FLOWERS r iw u a. 

with a parrot, a grape with an ape, a puffiS^'with n^uffh^^^npiiah+fM confuse a carrot 
absurd little poems point out farfetched^r^Semblances indrawings, clever puns, 
physicist. Introduction by Margaret Wood White° 106 nius 60pp\ ^ 

T523 Paperbound 75^ 


MATHEMATICS, ELEMENTARY TO INTERMEDIATE 


HOW TO CALCULATE QUICKLY, Henry Sticker ThJ« hon,!, 

method for helping you In the basic mathemltics^of da?lv^nfS!JH*+°^®''® true 

cation, division, fractions, etc. It is designed to awaken subtraction, multipli- 

to see relationships between numbers as whole niian+Itiop ^**14. sense” or the ability 


^«uun, u.vibion, Traciions, etc. It is designed to awaken vonr ‘‘nryi'C’ s'^orraction, multipli- 
to see relationships between numbers as whole auantme? i+ or the ability 

working only on special numbers, but a serious^Jrse of nui? S^aaa collection of tricks 
solutions, teaching special techniques not taught in schools- 'ioftProblems and their 
fast ways of division, etc. 5 or 10 minutes daiiv nci «^i? L '®!t-to-right multiplication new 
speed. Excellent for the scientific woSier who is at home in Sir yo^r cSation 

with his speed and accuracy in lower mathematics. 256 pd 5 x P°t satisfied 

^ ^ T 295 Paperbound $1,00 



TEACH YOURSELF books. For adult self-study, for refresher and supplementary study. 

The most effective series of home study mathematics books on the market! With absolutely 
no oujtside help, they will teach you as much as any similar college or high-school course, 
or will helpfully supplement any such course. Each step leads directly to the next, each 
question is anticipated. Numerous lucid examples and carefully-wrought practice problems 
illustrate meanings. Not skimpy outlines, not surveys, not usual classroom texts, these 204- 
to 380-page books are packed with the finest instruction you'll find anywhere for adult 
self-study. 

TEACH YOURSELF ALGEBRA, P. Abbott. Formulas, coordinates, factors, graphs of quadratic 
functions, quadratic equations, logarithms, ratio, irrational numbers, arithmetical, geomet¬ 
rical series, much more. 1241 problems, solutions. Tables. 52 illus. 307pp. 6% x 4V4. 

Clothbound $2.00 

TEACH YOURSELF GEOMETRY, P. Abbott. Solids, lines, points, surfaces, angle measurement, 
triangles, theorem of Pythagoras, polygons, loci, the circle, tangents, symmetry, solid geometry, 
prisms, pyramids, solids of revolution, etc. 343 problems, solutions. 268 illus. 334pp. 
6 % x 41 / 4 . Clothbound $2.00 

TEACH YOURSELF TRIGONOMETRY, P. Abbott. Geometrical foundations, indices, logarithms, 
trigonometrical ratios, relations between sides, angles of triangle, circular measure, trig, 
ratios of angles of any magnitude, much more. Requires elementary algebra, geometry. 
465 problems, solutions. Tables. 102 illus. 204pp. 6% x 4V4. Clothbound $2.00 

TEACH YOURSELF THE CALCULUS, P. Abbott. Variations in functions, differentiation, solids 
of revolution, series, elementary differential equations, areas by integral calculus, much more. 
Requires algebra, trigonometry. 970 problems, solutions. Tables. 89 illus. 380pp. S^/s x 4V4. 

Clothbound $2.00 

TEACH YOURSELF THE SLIDE RULE, B. Snodgrass. Fractions, decimals, A-D scales, log-log 
scales, trigonometrical scales, indices, logarithms. Commercial, precision, electrical, dual- 
istic, Brighton rules. 80 problems, solutions. 10 Illus. 207pp. 67/8 x 4V4. Clothbound $2.00 

See also: TEACH YOURSELF ELECTRICITY, C. W. Wilman; TEACH YOURSELF HEAT ENGINES, 
£. De Ville; TEACH YOURSELF MECHANICS, P. Abbott. 


^ 


HOW DO YOU USE A SLIDE RULE? by A. A. Merrill. Not a manual for mathematicians and engin¬ 
eers, but a lucid step-by-step explanation that presents the fundamental rules clearly enough 
to be understood by anyone who could benefit by the use of a slide rule in his work or 
business. This work concentrates on the 2 most important operations: multiplication and 
division. 10 easy lessons, each with a clear drawing, will save you countless hours In your 
banking, business, statistical, and other work. First publication., Index. 2 Appendixes. 10 
Illustrations. 78 problems, all with answers, vi -f 36pp. evb x 91 / 4 . T62 Paperbound 60^ 

THEORY OF OPERATION OF THE SLIDE RULE, J. P. Ellis. Not a skimpy “instruction manual", 
but an exhaustive treatment that will save you uncounted hours throughout your career. Sup¬ 
plies full understanding of every scale on the Log Log Duplex Decitrlg type of slide rule. 
Shows the most time-saving methods, and provides practice useful In the widest variety of 
actual engineering situations. Each operation Introduced In terms of underlying logarithmic 
theory. Summary of prerequisite math. First publication. Index. 198 figures. Over 450 prob¬ 
lems with answers. Bibliography. 12 Appendices, lx + 289pp. 5% x 8. „ ^ ^ ^ 

S727 Paperbound $1.S0 

ARITHMETICAL EXCURSIONS: AN ENRICHMENT OF ELEMENTARY MATHEMATICS, H. Bowers and 
J. Bowers. For students who want unusual methods* of arithmetic never taught In school; for 
adults who want to increase their number sense. Little known facts about the most simple 
numbers, arithmetical entertainments and puzzles, figurate numbers, number chains, mysteries 
and folklore of numbers, the “Hin-dog-abic” number system, etc. First publication. Index. 
529 numbered problems and diversions, all with answers. Bibliography. 50 figures, xiv + 
320pp. 5% x 8. T770 Paperbound $1.65 

APPLIED MATHEMATICS FOR RADIO AND COMMUNICATIONS ENGINEERS, C. E. Smith. No 

extraneous material here!-—only the theories, equations, and operations essential and Im¬ 
mediately useful for radio work. Can be used as refresher, as handbook of applications and 
tables, or as full home-study course. Ranges from simplest arithmetic through calculus, series, 
and wave forms, hyperbolic trigonometry, simultaneous equations In mesh circuits, etc. 
Supplies applications right along with each math topic discussed. 22 useful tables of func¬ 
tions, formulas, logs, etc. Index. 166 exercises, 140 examples, all with answers. 95 diagrams. 
BiblloD'raphv. x -I- 336pp. 5% x 8. si4i Panerhmmrt 7S 



HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Not abstract, 
but practical, building its problems out of familiar laboratory material, this covers differential 
calculus, coordinate, analytical geometry, functions, Integral calculus, infinite series, 
numerical equations, differential equations. Fourier’s theorem, probability, theory of errors, 
calculus of variations, determinants. ‘Mf The reader is not familiar with this book, It will 
repay him to examine It,” CHEM. & ENGINEERING NEWS. 800 problems. 189 figures. Bibliog¬ 
raphy. xxi + 641pp. 5% X 8 . S193 Paperbound $2.25 

TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. 913 detailed questions and 
answers cover the most important aspects of plane and spherical trigonometry. They will help 
you to brush up or to clear up difficulties in special areas. The first portion of this booK 
covers plane trigonometry. Including angles, quadrants, trigonometrical functions, graphical 
representation, interpolation, equations, logarithms, solution of triangle, use of the slide 
rule and similar topics. 188 pages then discuss application of plane trigonometry to special 
problems in navigation, surveying, elasticity, architecture, and various fields of engineering. 
Small angles, periodic functions, vectors, polar coordinates, de Moivre's theorem are fully 
examined. The third section of the book then discusses spherical trigonometry and the 
solution of spherical triangles, with their applications to terrestrial and astronomical prob¬ 
lems. Methods of saving time with numerical calculations, simplification of principal func¬ 
tions of angle, much practical information make this a most useful book. 913 questions an¬ 
swered. 1738 problems, answers to odd numbers. 494 figures. 24 pages of useful formulae, 
functions. Index, x + 629pp. 5% x 8. T371 Paperbound $2.00 

CALCULUS REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. This book is Unique in English 
as a refresher for engineers, technicians, students who either wish to brush up their 
calculus or to clear up uncertainties. It Is not an ordinary text, but an examination of 
most important aspects of integral and differential calculus in terms of the 756 questions 
most likely to occur to the technical reader. The first part of this book covers simple differ¬ 
ential calculus, with constants, variables, functions, increments, derivatives, differentiation, 
logarithms, curvature of curves, and similar topics. The second part covers fundamental 
ideas of integration, inspection, substitution, transformation, reduction, areas and volumes, 
mean value, successive and partial integration, double and triple Integration. Practical 
aspects are stressed rather than theoretical. A 50-page section illustrates the application 
of calculus to specific problems of civil and nautical engineering, electricity, stress and 
strain, elasticity. Industrial engineering, and similar fields.—756 questions answered. 566 
problems, mostly answered. 36 pages of useful constants, formulae for ready reference. 
Index. V + 431pp. 5% x 8. T370 Paperbound $2.00 


TEXTBOOK OF ALGEBRA, G. Chrystal. One of the great mathematical textbooks, still about the 
best source for complete treatments of the topics of elementary algebra; a chief reference 
work for teachers and students of algebra in advanced high school and university courses, or 
for the mathematician working on problems of elementary algebra or looking for a background 
to more advanced topics. Ranges from basic laws and processes to extensive examination of 
such topics as limits, infinite series, general properties of Integral numbers, and probability 
theory. Emphasis is on algebraic form, the foundation of analytical geometry and the kev to 

mnriprn Hpup nnmontc in alcrohra Prinr /.mii'ea . 


, . r • ^-„— -expansion theorems, recurring 

fractions, and much, much more. Two volume set. Index in each volume. Over 1500 exercises 
approximately half with answers. Total of xlviii + 1187pp. 5% x 8. 

5750 Vol I Paperbound $2.35 

5751 Vol II Paperbound $2.35 

The set ^.70 

COLLpE ALGEBRA, H. B. Fine. Standard college text that gives a systematic and deductive 
structure to algebra; comprehensive, connected, with emphasis on theory. Discusses the 
commutative, associative^, and distributive laws of number In unusual detail and goes on 
K coefficients, quadratic equations, progressions, logarithms’ oermutations 

probability, power senes, and much more. Still most valuable elementary-in'fermedlate texi" 
on the science and structure of algebra. Index. 1560 problemrall wTth anTvi“^ 

T211 Papdrbound »2.00 

THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington This famous honk 
gives a systematic elementary account of the modern theorv of thp rnntinmim 
seria order Based on the Cantor-DedekInd orTnal theo«, which reoulre? Jo AVJ 
knowledge of higher mathematics, it offers an easily followed anaivsis ^nf 

Slif+ySp 5 ®% numbers. 2nd edition lnd“: 

PH. o. Clothbound $2.75 

S130 Paperbound $1.00 

A TREATISE ON PLANE AND ADVANCED TRIGONOMETRY E W i. 

coverage, ping beyond usual college level trig, one of the few 

trig in full detail. By a great expositor with werrlnc ant?ctoaYinJ^°LnH 

of potentially difficult points. Includes circular functions- exDans1nn"nf^?^ni+i^“^ cipificatlon 

angle; trig tables; relations between sides and angles of 

Many problems solved completely. “The best work on the°Lblprt® "‘^f^bers; etc. 

“A Treatise on Plane Trigonometry.” 689 examJlJs. 6 

S353 Paperbound $ 1.95 



FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of the 1894 
Easter lectures at Gottingen. 3 problems of classical geometry, in an excellent mathematical 
treatment by a famous mathematician: squaring the circle, trisecting angle, doubling cube. 
Considered with full modern implications: transcendental numbers, pi, etc. Notes by R. Archi¬ 
bald. 16 figures, xi + 92pp. 5% x 8. T348 Clothbound $1.50 

T298 Paperbound $1.00 


% * * 


ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT, Felix Klein. 

This classic text is an outgrowth of Klein’s famous integration and survey course at Gottingen. 
Using one field of mathematics to interpret, adjust, illuminate another, it covers basic 
topics in each area, illustrating its discussion with extensive analysis, it is especially 
valuable in considering areas of modern mathematics. "Makes the reader feel the inspiration 
of ... a great mathematician, inspiring teacher . . . with deep insight into the founda¬ 
tions and interrelations,” BULLETIN, AMERICAN MATHEMATICAL SOCIETY. 

Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function immediately, 
It enlivens abstract discussion with graphical and geometrically perceptual methods. Partial 
contents: natural numbers, extension of the notion of number, special properties, complex 
numbers. Real equations with real unknowns, complex quantities. Logarithmic, exponential 
functions, goniometric functions, infinitesimal calculus. Transcendence of e and pi, theory 
of assemblages. Index. 125 figures, ix + 274pp . 5% x 8. S150 Paperbound $1.75 

Vol. 2. GEOMETRY, A comprehensive view which accompanies the space perception inherent 
in geometry with analytic formulas which facilitate precise formulation. Partial contents; 
Simplest geometric manifolds: line segment, Grassmann determinant principles, classification 
of configurations of space, derivative manifolds. Geometric transformations: affine transforma¬ 
tions, projective, higher point transformations, theory of the imaginary. Systematic discussion 
of geometry and Its foundations. Indexes. 141 illustrations, ix +■ 214pp. 5% x 8. 

S151 Paperbound $1.75 


* * * 


COORDINATE GEOMETRY, L. P. Eisenhart. Thorough, unified introduction. Unusual for ad¬ 
vancing in dimension within each topic (treats together circle, sphere; polar coordinates, 
3-dimensional coordinate systems; conic sections, quadric surfaces), affording exceptional 
Insight into subject. Extensive use made of determinants, though no previous knowledge 
of them is assumed. Algebraic equations of 1st degree, 2 and 3 unknowns, carried further 
than usual in algebra courses. Over 500 exercises. Introduction. Appendix. Index. Bibliog¬ 
raphy. 43 illustrations. 310pp. 5% x 8. S600 Paperbound $1.65 

MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
mathematics for persons who haven't gone beyond or have forgotten high school algebra. 
9 monographs on foundation of geometry, modern pure geometry, non-Euclidean geometry, 
fundamental propositions of algebra, algebraic equations, functions, calculus, theory of num¬ 
bers, etc. Each monograph gives proofs of important results, and descriptions of leading 
methods, to provide wide coverage. New Introduction by Prof. M. Kline, N. Y. University. 
100 diagrams, xvl -h 416pp. 6Vfe x 9V4. S289 Paperbound $2.00 


MATHEMATICS, INTERMEDIATE TO ADVANCED 

Geometry 

THE FOUNDATtONS OF EUCLIDEAN GEOMETRY, H. G. Forder. The first rigorous account of 

Euclidean geometry, establishing propositions without recourse to empiricism, and without 
multiplying hypotheses. Corrects many traditional weaknesses of Euclidean proofs, and 
Investigates the problems imposed on the axiom system by the discoveries of Bolya and 
Lobatcnefsky. Some topics discussed are Classes and Relations; Axioms for Magnitudes; 
Congruence and Similarity; Algebra of Points; Hessenberg’s Theorem; Continuity; Existence 
of Parallels; Reflections; Rotations; Isometries; etc. Invaluable for the light It throws on 
foundations of math. Lists; Axioms employed, Symbols, Constructions, 295pp. 5% x 8. 

S481 Paperbound $2.00 

ADVANCED EUCLIDEAN GEOMETRY, R. A. Johnson. For yeans the standard textbook on advanced 
Euclidean geometry, requires only high school geometry and trigonometry. Explores in unusual 
detail and gives proofs of hundreds of relatively recent theorems and corollaries, many 
formerly available only in widely scattered journals. Covers tangent circles, the theorem of 
Miquel, symmedian point, pedal triangles and circles, the Brocard configuration, and much 
more. Formerly "Modern Geometry.” Index. 107 diagrams, xiii 4- 319pp. 5% x 8, 

S669 Paperbound $1.65 



MON-EOCLIDFAN fiPOMETilY. Roberto Bonola. The standard coverage of non-EucIfdean geom¬ 
etry It examines from both a historical and mathematical point of view the H®? 

whTch have arisen f^om a study of Euclid's 5th postulate uP 0 gP 3 !;?"el lines. Ais® 
are complete texts, translated, of Bolyai's THEORY OF ABSOLUTE SPACE, Lobac^nevsKy s 
THEORY OF PARALLELS. 180 diagrams. 431pp. 53^ x 8. S27 Paperbound 

ELEMENTS OF non-fuclidean GEOMETRY, D. M. Y. Sommervllle. Unique in proceeding step- 
by-step, ln\e manner of traditional geometry. Enables the student with only a ^ 
knowledge of high school algebra and geometry to grasp 

analytic non-Euclidean geometries, space curvature ppP..!*® fsm- 

theory of radical axes; homothetic centres and systems of circles; P?rataxy and parallensm, 
absolute measure; Gauss’ proof of the defect area theorem; geodesic representation; much 
more, all with exceptional clarity. 126 problems at chapter ®ndings provide progres^^ 
practice and familiarly. 133 figures. Index, xvi 4- 274pp. 5% x 8. S460 Paperbound $1.50 

HIGHER GEOMETRY: AN INTRODUCTION TO ADVANCED METHODS IN ANALYTIC GEOMETRY, F. S. 
Woods. Exceptionally thorough study of concepts and methods of advanced algebraic geonietry 
(as distinguished from differential geometry). Exhaustive treatment of 1-, 2 *f 3-. a®'! A- 
dimensional coordinate systems, leading to n-dimensional geometry m an abstract sense. 
Covers projectivity, tetracyclical coordinates, contact transformation, pentaspherical coordi¬ 
nates, much more. Based on M.I.T. lectures, requires sound preparation in analytic geometry 
and some knowledge of determinants. Index. Over 350 exercises. References. 60 figures. 
X + 423pp. 5% X 8. S737 Paperbound $2.00 


ELEMENTS OF PROJECTIVE GEOMETRY, L. Cremona. Outstanding complete treatment of projec¬ 
tive geometry by one of the foremost 19th century geometers. Detailed proofs of all funda¬ 
mental principles, stress placed on the constructive aspects. (Covers homology, law of duality, 
anharmonic ratios, theorems of Pascal and Brianchon, foci, polar reciprocal figures, etc. Only 
ordinary geometry necessary to understand this honored classic. Index. Over 150 fully worked 
out examples and problems. 252 diagrams, xx -f 302pp. 53/b x 8. S668 Paperbound $1.75 

A TREATISE ON THE DIFFERENTIAL GEOMETRY OF CURVES AND SURFACES, L. P. Eisenhart 

introductory treatise especially for the graduate student, for years a highly successful text¬ 
book. More detailed and concrete in approach than most more recent books. Covers space 
curves, osculating planes, moving axes. Gauss’ method, the moving trihedral, geodesics, 
conformal representation, etc. Last section deals with deformation of surfaces, rectilinear 
congruences, cyclic systems, etc. Index. 683 problems. 30 diagrams, xii + 474pp. 5% x 8. 

S667 Paperbound $2.75 


A TREATISE ON ALGEBRAIC PLANE CURVES, J. L. Coolidge. Unabridged reprinting of one of 
few full coverages in English, offering detailed introduction to theory of algebraic plane 
curves and their relations to geometry and analysis. Treats topological properties, Riemann- 
Roch theorem, all aspects of wide variety of curves including real, covariant, polar, contaln- 
in^g series of a given sort, elliptic, polygonal, rational, the pencil, two parameter nets, etc. 
This volume will enable the reader to appreciate the symbolic notation of Aronhold and 
Clebsch. Bibliography. Index. 17 illustrations, xxiv 4- 513pp. 53/b x 8. S543 Paperbound $2.45 


AN INTRODUCTION TO THE GEOMETRY OF N DIMENSIONS, D. M. Y. Sommervllle. An introduc¬ 
tion presupposing no prior knowledge of the field, the only book in English devoted exclu¬ 
sively t 9 higher dimensional geometry. Discusses fundamental ideas of incidence, parallelism, 
perpendicularity, angles between linear space; enumerative geometry; analytical geometry 
from projective and metric points of view; polytopes; elementary ideas in analysis situs; 
content of hyper-spacial figures. Bibliography. Index. 60 diagrams. 196pp. 5% x 8. 

S494 Paperbound $1.50 

Surtiln^TrArtm??^^ Manning. Unique Iri English as a clear, concise intro- 

cnhoroc* ® syothetic, and mostly Euclidean, although In hyperplanes and hyper- 

afSLflJi IO"-£«clidean geometry is used. Historical introduction. Foundations of 
t/mmSr! P®rpe®dicularity, simple angles. Angles of planes, higher order. 

AiSilitt?’ , hyperpyramids, hypercones, hyperspheres; figures with parallel 

IdRnn V hypervolume in space; regular polyhedroids. Glossary? 78 figures.^ lx ■+• 
348pp. 5% X 8. S182 Paperbound $1.95 

ELEMENTARY CONCEPTS OF TOPOLOGY, P. Alexandroff. First English translation of the famous 

of Archimedes. Contains; On Sphere & Cylinder Wasurement^nf^t'^ 

mathematics. Bibliography. 563pp. 5% x 8. ^ chimedes and the $2^00 



THE THIRTEEN BOOKS OF EUCLID'S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of the very greatest classics of Western world. Connpiete English translation of 
Heiberg text, together with spurious Book XIV. Detailed 150-page introduction discussing 
aspects of Greek and Medieval mathematics. Euclid, texts, commentators, etc. Paralleling 
the text is an elaborate critical apparatus analyzing each definition, proposition, postulate, 
covering textual matters, mathematical analysis, commentators of all times, refutations, sup¬ 
ports, extrapolations, etc. This Is the FULL EUCLID. Unabridged reproduction of Cambridge U. 
2nd edition. 3 volumes. Total of 995 figures, 1426pp. SVs x 8. 

$88,89,90, 3 volume set, paperbound |6,00 

THE GEOMETRY OF RENE DESCARTES. With this book Descartes founded analytical geometry. 
Excellent Smith-Latham translation, plus original French text with Descartes’ own diagrams. 
Contains Problems the Construction of Which Requires Only Straight Lines and Circles; On 
the Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Notes. 
Diagrams. 258pp. 5% x 8. S68 Paperbound $1.50 

See also: FOUNDATIONS OF GEOMETRY, B. Russell; THE PHILOSOPHY OF SPACE AND TIME, 
H. Reichenbach; FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, F. Klein; MONOGRAPHS ON 
TOPICS OF MODERN MATHEMATICS, ed. by J. W. Young. 


Calculus and function theory, Fourier theory, real and complex functions, 
determinants 


A COLLECTION OF MODERN MATHEMATICAL CLASSICS, edited bf R. Bellman. 13 classic papers, 
complete In their original languages, by Hermite, Hardy and Littlewood, Tchebychef, Fej6r, 
Fredholm, Fuchs, Hurwitz, Weyl, van der Pol, Birkhoff, Kellogg, von Neumann, and Hilbert. 
Each of these papers, collected here for the first time, triggered a burst of mathematical 
activity, providing useful new generalizations or stimulating fresh Investigations. Topics dis¬ 
cussed include classical analysis, periodic and almost periodic functions, analysis and number 
theory, integral equations, theory of approximation, non-linear differential equations, and 
functional analysis. Brief introductions and bibliographies to each paper, xli + 292pp. 6x9. 

S730 Paperbound $2.00 

MATHEMATICS OF MODERN ENGINEERING, E. G. Keller and R. E. Doherty. Written for the 
Advanced Course in Engineering of the General Electric Corporation, deals with the engineer¬ 
ing use of determinants, tensors, the Heaviside operational calculus, dyadjcs, the calculus 
of variations, etc. Presents underlying principles fully, but purpose is to teach engineers to 
deal with modern engineering problems, and emphasis is on the perennial engineering attack 
of set-up and solve. Indexes. Over 185 figures and tables. Hundreds of exercises, problems, 
and worked-out examples. References. Two volume set. Total of xxxiii -f 623pp. 5% x 8. 

S734 Vol I Paperbound $1.65 
S735 Vol II Paperbound $1.65 
The set $3.30 

MATHEMATICAL METHODS FOR SCIENTISTS AND ENGINEERS, L. P. Smith. For scientists and 
engineers, as well as advanced math students. Full investigation of methods and practical 
description of conditions under which each should be used. Elements of real functions, 
differential and integral calculus, space geometry, theory of residues, vector and tensor 
analysis, series of Bessel functions, etc. Each method illustrated by completely-worked-out 
examples, mostly from scientific literature. 368 graded unsolved problems. 100 diagrams. 
X + 453pp. 5% X 83/fe. S220 Paperbound $2.00 

THEORY OF FUNCTIONS AS APPLIED TO ENGINEERING PROBLEMS, edited by R. Rothe, F. Ollen¬ 
dorff, and K. Pohlliausen. A series of lectures given at the Berlin Institute of Technology that 
shows the specific applications of function theory in electrical and allied fields of engineering. 
Six lectures provide the elements of function theory In a simple and practical form, covering 
complex quantities and variables, integration in the complex plane, residue theorems, etc. 
Then 5 lectures show the exact uses of this powerful mathematical tool, with full discussions 
of problem methods. Index. Bibliography. 108 figures, x H- 189pp. 53/8 x 8. 

S733 Paperbound $1.35 

ADVANCED CALCULUS, E. B. Wilson. An unabridged reprinting of the work which continues 
to be recognized as one of the most comprehensive and useful texts in the field. It contains 
an immense amount of well-presented, fundamental material, including chapters on vector 
functions, ordinary differential equations, special functions, calculus of variations, etc,, 
which are excellent introductions to these areas. For students with only one year of cal¬ 
culus, more than 1300 exercises cover both pure math and applications to engineering 
and physical problems. For engineers, physicists, etc., this work, with its 54 page Intro¬ 
ductory review, Is the ideal reference and refresher. Index, ix + 566pp. 5% x 8. 

< 5 ^ 0 ^ P-n rhniind /ns 



CALCULUS OF VARIATIONS, A. R. Forsyth. Methods, solutions, rather than determination of 
weakest valid hypotheses. Over 150 examples completely worked-out show use of Euler, 
Legendre, Jacoby, Weierstrass tests for maxima, minima. Integrals with one original de¬ 
pendent variable; with derivatives of 2nd order; two dependent variables, one independent 
yanable; double integrals Involving l dependent variable, 2 first derivatives; double integrals 
derivatives of 2nd order; triple integrals; much more. 50 diagrams. 678pp. 
5% X 8%. 5022 Paperbound $2.95 


OF VARIATIONS, 0, Bolza. Analyzes in detail the fundamental 
of variations, as developed from Euler to Hilbert, with sharp formu- 
nf cnitoa demonstrations of their solutions. More than a score 

cLnf theorem. Covers the necessary and suffi- 

LeJlLrP ^ made by Euler, Du Bois Raymond, Hilbert, Weierstrass, 

Legendre, Jacobi, Erdmann, Kneser, and Gauss; and much more. Index. Bibliography, xi -H 

^/ipp. X 8. 3213 Paperbound $ 

of"e"calL?us’’L™mh“^ differences, G. Boole. A classic in the literature 

NbcLaurin's and theorems, methods. Covers 
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THEORY OF FyNCTIOHALS AND OF INTEGRAL AND INTEGRO-DIFFERENTIAL EHUATIONS, Vit® 
Volterra. Unabridged republication of the only English translation. An exposition of the 
general theory of the functions depending on a continuous set of values of another function, 
based on the author’s fundamental notion of the transition from a finite number of variables 
to a continually infinite number. Though dealing primarily with integral equations, much 
materia! on calculus of variations is included. The work makes no assumption of previous 
knowledge on the part of the reader. It begins with fundamental material and proceeds to 
Generalization of Analytic Functions, Integro-Differential Equations, Functional Derivative 
Equations, Applications, Other Directions of Theory of Functionals, etc. New introduction by 
G. C. Evans. Bibliography and criticism of Volterra’s work by E. Whittaker. Bibliography, 
index of authors cited. Index of subjects, xxxx +• 226pp. 53/8 x 8. S502 Paperbound $1.75 

AN ELEMENTARY TREATISE ON ELLIPTIC FUNCTIONS, A. Cayley. Still the fullest and clearest 
text on the ti.eories of Jacobi and Legendre for the advanced student (and an excellent 
supplement for the beginner), A masterpiece of exposition by the great 19th century British 
mathematician (creator of the theory of matrices and abstract geometry), it covers the 
addition-theory, Landen’s theorem, the 3 kinds of elliptic integrals, transformations, the 
q-functions, reduction of a differential expression, and much more. Index, xii H- 386pp. S^/a x 8. 
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THE APPLICATIONS OF ELLIPTIC FUNCTIONS, A. G. Greenhlll. Modern books forgo detail for 
sake of brevity—this book offers complete exposition necessary for proper understanding, 
use of elliptic integrals. Formulas developed from definite physical, geometric problems; 
examples representative enough to offer basic information in widely useable form. Elliptic 
integrals, addition theorem, algebraical form of addition theorem, elliptic integrals of 2nd, 
3rd kind, double periodicity, resolution into factors, series, transformation, etc. Introduction. 
Index, 25 illus. xi -f 357pp. x 8. S603 Paperbound $1.75 

THE THEORY OF FUNCTIONS OF REAL VARIABLES, James Plerpont. A 2-volume authoritative 
exposition, by one of the foremost mathematicians of his time. Each theorem stated with 
all conditions, then followed by proof. No need to go through complicated reasoning to dis¬ 
cover conditions added without specific mention. Includes a particularly complete, rigorous 
presentation of theory of measure; and Pierpont’s own work on a theory of Lebesgue 
Integrals, and treatment of area of a curved surface. Partial contents, Vol. 1: rational 
numbers, exponentials, logarithms, point aggregates, maxima, minima, proper integrals, 
improper integrals, multiple proper integrals, continuity, discontinuity, indeterminate forms. 
Vol. 2: point sets, proper integrals, series, power series, aggregates, ordinal numbers, 
discontinuous functions, sub-, infra-uniform convergence, much more. Index. 95 illustrations. 
1229pp. 5% X 8 . S558-9, 2 volume set, paperbound $4.90 

FUNCTIONS OF A COMPLEX VARIABLE, James Plerpont. Long one of best in the field. A 
thorough treatment of fundamental elements, concepts, theorems. A complete study, rigor¬ 
ous, detailed, with carefully selected problems worked out to illustrate each topic. Partial 
contents: arithmetical operations, real term series, positive term series, exponential functions, 
integration, analytic functions, asymptotic expansions, functions of Weierstrass, Legendre, 
etc. Index. List of symbols, 122 illus. 597pp. 5% x 8. S560 Paperbound $2.45 

ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures given at 
Trinity College, Cambridge, this book has proved to be extremely successful in introauclng 
graduate students to the modern theory of functions. It offers a full and concise coverage 
of classes and cardinal numbers, well-ordered series, other types of series, and elements 
of the theory of sets of points. 3rd revised edition, vil + /1pp. 5% x 8. 
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TRANSCENDENTAL AND ALGEBRAIC NUMBERS, A. 0. Gelfond. First English translation of work 
by leading Soviet mathematician. Thue-Siegel theorem, its p-adic analogue, on approximation 
of algebraic numbers by numbers in fixed algebraic field; Hermite-Lindemann theorem on 
transcendency of Bessel functions, solutions of other differential equations; Gelfond-Schneider 
theorem on transcendency of alpha to power beta; Schneider's work on elliptic functions, 
with method developed by Gelfond. Translated by L. F. Boron. Index. Bibliography. 200pp, 
5% X 8 . S615 Paperbound $1J5 
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